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Abstract
This work continues our studies of nonlinear evolution of a system of wavepackets.
We study a wave propagation governed by a nonlinear system of hyperbolic PDE’s
with constant coefficients with the initial data being a multi-wavepacket. By definition
a general wavepacket has a well defined principal wave vector, and, as we proved in
previous works, the nonlinear dynamics preserves systems of wavepackets and their
principal wave vectors. Here we study the nonlinear evolution of a special class of
wavepackets, namely particle-like wavepackets. A particle-like wavepacket is of a dual
nature: on one hand, it is a wave with a well defined principal wave vector, on the
other hand, it is a particle in the sense that it can be assigned a well defined position
in the space. We prove that under the nonlinear evolution a generic multi-particle
wavepacket remains to be a multi-particle wavepacket with a high accuracy, and every
constituting single particle-like wavepacket not only preserves its principal wave number
but also it has a well-defined space position evolving with a constant velocity which
is its group velocity. Remarkably the described properties hold though the involved
single particle-like wavepackets undergo nonlinear interactions and multiple collisions
in the space. We also prove that if principal wavevectors of multi-particle wavepacket
are generic, the result of nonlinear interactions between different wavepackets is small
and the approximate linear superposition principle holds uniformly with respect to the
initial spatial positions of wavepackets.
1 Introduction
The principal object of our studies here is a general nonlinear evolutionary system which
describes wave propagation in homogeneous media governed by a hyperbolic PDE’s in Rd,
d = 1, 2, 3, . . . is the space dimension, of the form
∂τU = −
i
̺
L (−i∇)U + F (U) , U (r, τ)|τ=0 = h (r) , r ∈ R
d, (1.1)
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where (i) U = U (r, τ), r ∈ Rd, U ∈ C2J is a 2J dimensional vector; (ii) L (−i∇) is a
linear self-adjoint differential (pseudodifferential) operator with constant coefficients with
the symbol L (k), which is a Hermitian 2J × 2J matrix; (iii) F is a general polynomial
nonlinearity; (iv) ̺ > 0 is a small parameter. The properties of the linear part are described
in terms of dispersion relations ωn (k) (eigenvalues of the matrix L (k)). The form of the
equation suggests that the processes described by it involve two time scales. Since the
nonlinearity F (U) is of order one, nonlinear effects occur at times τ of order one, whereas
the natural time scale of linear effects, governed by the operator L with the coefficient 1/̺,
is of order ̺. Consequently, the small parameter ̺ measures the ratio of the slow (nonlinear
effects) time scale and the fast (linear effects) time scale. A typical example of an equation
of the form (1.1) is the nonlinear Schrodinger equation (NLS) or a system of NLS’s. Many
more examples including a general nonlinear wave equation and the Maxwell equations in
periodic media truncated to a finite number of bands are considered in [8], [9].
As in our previous works [8], [9] we consider here the nonlinear evolutionary system
(1.1) with the initial data h (r) being a sum of wavepackets. The special focus of this paper
is particle-like localized wavepackets which can be viewed as quasi-particles. Recall that a
general wavepacket is defined as such a function h (r) that its Fourier transform hˆ (k) is
localized in β-neighborhood of a single wavevector k∗, called principal wavevector, where β
is a small parameter. The simplest example of a wavepacket is a function of the form
hˆ (β;k) = β−de−ikr∗hˆ
(
k− k∗
β
)
gn (k∗) , k ∈ R
d, (1.2)
where gn (k∗) is an eigenvector of the matrix L (k∗) and hˆ (k) is a scalar Schwartz function
(i.e. it is infinitely smooth and rapidly decaying one). Note that for hˆ (β,k) of the form (1.2)
we have its inverse Fourier transform
h (β; r) = h (β (r− r∗)) e
ik∗(r−r∗)gn (k∗) , r ∈ R
d. (1.3)
Evidently, h (β, r) described by the above formula is a plane wave eik∗rgn (k∗) modulated
by a slowly varying amplitude h (β (r− r∗)) obtained from h (z) by a spatial shift along the
vector r∗ with a subsequent dilation with a large factor
1
β
. Clearly, the resulting amplitude
has a typical spatial extension proportional to β−1 and the spatial shift produces a noticeable
effect if |r∗| ≫ β
−1. The spatial form of the wavepacket (1.3) naturally allows to interpret
r∗ ∈ R
d as its position and, consequently, to consider the wavepacket as a particle-like one
with the position r∗ ∈ R
d. But how one can define a position for a general wavepacket?
Note that that not every wavepacket is a particle-like one. For example, let, as before, the
function h (r) be a scalar Schwartz function and let us consider a slightly more general than
(1.3) function
h (β; r) = [h (β (r− r∗1)) + h (β (r− r∗2))] e
ik∗rgn (k∗) , r ∈ R
d, (1.4)
where r∗1 and r∗2 are two arbitrary, independent vector variables. The wave h (β, r) defined
by (1.4) is a wavepacket with the wave number k∗ for any choice of vectors r∗1 and r∗2, but
2
it is not a particle-like wavepacket, since it does not have a single position r∗, but rather it
is a sum of two particle-like wavepackets with two positions r∗1 and r∗2.
Our way to introduce a general particle-like wavepacket h (β,k∗, r∗0; r) with a position
r∗0 is by treating it as a single element of a family of wavepackets h (β,k∗, r∗; r) with r∗ ∈ R
d
being another independent parameter. In fact, we define the entire family of wavepackets
h (β,k∗, r∗; r), r∗ ∈ R
d subject to certain conditions allowing to interpret any fixed r∗ ∈ R
d
as the position of h (β,k∗, r∗; r). Since we would like, of course, a wavepacket to maintain
its particle-like property under the nonlinear evolution, it is clear that its definition must
be sufficiently flexible to accommodate the wavepacket evolutionary variations. In light
of the above discussion the definition of the particle-like wavepacket with a transparent
interpretation of its particle properties turns into the key element of the entire construction.
It turns out that there is a precise description of a particle-like wavepacket, which is rather
simple and physically transparent and such a description is provided in Definition 2.2 below,
see also Remarks 2.4, 2.5. The concept of the position is applicable to very general functions,
it does not require a parametrization of the whole family of solutions, which was used, for
example in [32], [25], [26].
As in our previous works we are interested in nonlinear evolution not only a single particle-
like wavepacket h (β,k∗, r∗; r) but a system {h (β,k∗l, r∗l; r)} of particle-like wavepackets
which we call multi-particle wavepacket. Under certain natural conditions of genericity on k∗l
we prove here that under the nonlinear evolution: (i) the multi-particle wavepacket remains
to be a multi-particle wavepacket; (ii) the principal wavevectors k∗l remain constant; (ii) the
spatial position r∗l of the corresponding wavepacket evolves with the constant velocity which
is exactly its group velocity 1
̺
∇ωn (k∗l). The evolution of positions of wavepackets becomes
the most simple in the case when at τ = 0 we have r∗l =
1
̺
r0∗, that is the case when spatial
positions are bounded in the same spatial scale in which their group velocities are bounded.
In this case the evolution of the positions is described by the formula
rl (τ) =
1
̺
[
r0∗ + τ∇ωnl (k∗l)
]
, τ ≥ 0. (1.5)
The rectilinear motion of positions of particle-like wavepackets is a direct consequence of the
spatial homogeneity of the master system (1.1). If the system were not spatially homogeneous,
the motion of the positions of particle-like wavepackets would not be uniform, but we don’t
study that problem in this paper. In the rescaled coordinates y = ̺r the trajectory of every
particle is a fixed, uniquely defined straight line defined uniquely if ̺
β
→ 0 as ̺, β → 0. Notice
that under above mentioned genericity condition the uniform and independent motion (1.5)
of the positions of all involved particle-like wavepackets {h (β,k∗l, r∗l; r)} persists though
they can collide in the space. In the latter case they simply pass through each other without
significant nonlinear interactions, and the nonlinear evolution with a high accuracy is reduced
just to a nonlinear evolution of shapes of the particle-like wavepackets. In the case when the
set of the principal wavevectors {k∗l} satisfy certain resonance conditions some components
of the original multi-particle wavepacket can evolve into a more complex structure which can
be only partly localized in the space and, for instance, can be needle or pancake like. We do
3
not study in detail those more complex structures here.
Now let us discuss in more detail the superposition principle introduced and studied for
general multi-wavepackets in [9] in the particular case when initially all r∗l = 0. Here we
consider multi-particle wavepackets with arbitrary r∗l and develop a new argument based on
the analysis of an averaged wavepacket interaction system introduced in [8]. Assume that the
initial data h for the evolution equation (1.1) to be the sum of a finite number of wavepackets
(particle-like wavepackets) hl, l = 1, . . . , N , i.e.
h = h1 + . . .+ hN (1.6)
where the monochromaticity of every wavepacket hl is characterized by another small pa-
rameter β. The well known superposition principle is a fundamental property of every linear
evolutionary system, stating that the solution U corresponding to the initial data h as in
(1.6) equals
U = U1 + . . .+UN , for h = h1 + . . .+ hN , (1.7)
where Ul is the solution to the same linear problem with the initial data hl.
Evidently the standard superposition principle can not hold exactly as a general principle
for a nonlinear system, and, at the first glance, there is no expectation for it to hold even
approximately. We show though that, in fact, the superposition principle does hold with a
high accuracy for general dispersive nonlinear wave systems such as (1.1) provided that the
initial data are a sum of generic particle-like wavepackets, and this constitutes one of the
subjects of this paper. Namely, the superposition principle for nonlinear wave systems states
that the solution U corresponding to the multi-particle wavepacket initial data h as in (1.6)
satisfies
U = U1 + . . .+UN +D, for h = h1 + . . .+ hN , where D is small.
More detailed statement of the superposition principle for nonlinear evolution of wavepackets
is as follows. We study the nonlinear evolution equation (1.1) on a finite time interval
0 ≤ τ ≤ τ ∗, where τ ∗ > 0 is a fixed number (1.8)
which may depend on the L∞ norm of the initial data h but, importantly, τ ∗ does not depend
on ̺. We consider classes of initial data such that wave evolution governed by (1.1) is
significantly nonlinear on time interval [0, τ ∗] and the effect of the nonlinearity F (U) does
not vanish as ̺→ 0. We assume that β, ̺ satisfy
0 < β ≤ 1, 0 < ̺ ≤ 1,
β2
̺
≤ C1 with some C1 > 0. (1.9)
The above condition of boundedness on the dispersion parameter β
2
̺
ensures that the dis-
persive effects are not dominant and they do not suppress nonlinear effects, see [8], [9] for a
discussion.
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Let us introduce the solution operator S (h) (τ) : h→ U (τ ) relating the initial data h of
the nonlinear evolution equation (1.1) to its solution U (t). Suppose that the initial state is
a system of particle-like wavepackets or multi-particle wavepacket, namely h =
∑
hl, with
hl, l = 1, . . . , N being ”generic” wavepackets. Then for all times 0 ≤ τ ≤ τ ∗ the following
superposition principle holds
S
(∑N
l=1
hl
)
(τ ) =
∑N
l=1
S (hl) (τ) +D (τ) , (1.10)
‖D (τ)‖E = sup
0≤τ≤τ∗
‖D (τ )‖L∞ ≤ Cδ
̺
β1+δ
for any small δ > 0. (1.11)
Obviously, the right-hand side of (1.11) may be small only if ̺ ≤ C1β. There are ex-
amples (see [8]) in which D (τ ) is not small for ̺ = C1β. In what follows we refer to a
linear combination of particle-like wavepackets as a multi-particle wavepacket, and to sin-
gle particle-like wavepackets which constitutes the multi-particle wavepacket as component
particle wavepackets.
Very often in theoretical studies of equations of the form (1.1) or ones reducible to it a
functional dependence between ̺ and β is imposed, resulting in a single small parameter.
The most common scaling is ̺ = β2. The nonlinear evolution of wavepackets for a variety
of equations which can be reduced to the form (1.1) was studied in numerous physical and
mathematical papers, mostly by asymptotic expansions of solutions with respect to a single
small parameter similar to β, see [13], [16], [20], [22], [27], [33], [34], [41], [45], [47], [48]
and references therein. Often the asymptotic expansions are based on a specific ansatz
prescribing a certain form to the solution. In our studies here we do not use asymptotic
expansions with respect to a small parameter and do not prescribe a specific form to the
solution, but we impose conditions on the initial data requiring it to be a wavepacket or a
linear combination of wavepackets. Since we want to establish a general property of a wide
class of systems, we apply a general enough dynamical approach. There is a number of general
approaches developed for the studies of high-dimensional and infinite-dimensional nonlinear
evolutionary systems of hyperbolic type, [12], [15], [21], [24], [31], [37], [42], [47], [49], [51],
[53]) and references therein. The approach we develop here is based on the introduction of
a wavepacket interaction system. We show in [9] and here that solutions to this system are
in a close relation to solutions of the original system.
The superposition principle implies, in particular, that in the process of nonlinear evolu-
tion every single wavepacket propagates almost independently of other wavepackets (even
though they may ”collide” in physical space for a certain period of time) and the exact
solution equals the sum of particular single wavepacket solutions with a high precision. In
particular, the dynamics of a solution with multi-wavepacket initial data is reduced to dy-
namics of separate solutions with single wavepacket data. Note that the nonlinear evolution
of a single wavepacket solution for many problems is studied in detail, namely it is well ap-
proximated by its own nonlinear Schrodinger equation (NLS), see [20], [27], [34], [35], [47],
[48], [49], [8] and references therein.
Let us give now an elementary physical argument justifying the superposition principle
which goes as follows. If there would be no nonlinearity, the system would be linear and,
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consequently, the superposition principle would hold exactly. Hence, any deviation from it is
due to the nonlinear interactions between wavepackets, and one has to estimate their impact.
Suppose that initially at time τ = 0 the spatial extension s of every involved wavepacket
is characterized by the parameter β−1 as in (1.3). Assume also (and it is quite an assump-
tion) that the involved wavepackets evolving nonlinearly maintain somehow their wavepacket
identities, including the group velocities and the spatial extensions. Then, consequently, the
spatial extension of every involved wavepacket is propositional to β−1 and its group veloc-
ity vl is proportional to ̺
−1. The difference ∆v between any two different group velocities
is also proportional to ̺−1. Then the time when two different wavepackets overlap in the
space is proportional to s/ |∆v| and, hence, to ̺/β. Since the nonlinear term is of order one,
the magnitude of the impact of the nonlinearity during this time interval should be roughly
proportional to ̺/β, which results in the same order of the magnitude of D in (1.10)-(1.11).
Observe, that this estimate is in agreement with our rigorous estimate of the magnitude of
D in (1.11) if we set there δ = 0.
The rigorous proof of the superposition principle presented here is not directly based
on the above argument since it already implicitly relies on the principle. Though some
components of the physical argument can be found in our rigorous proof. For example,
we prove that the involved wavepackets maintain under the nonlinear evolution constant
values of their wavevectors with well defined group velocities (the wavepacket preservation).
The Theorem 6.12 allows to estimate spatial extensions of particle-like wavepackets under
the nonlinear evolution. The proof of the superposition principle for general wavepackets
provided in [9] is based on general algebraic-functional considerations and on the theory
of analytic operator expansions in Banach spaces. Here we develop an alternative approach
with a proof based on properties of the wavepacket interaction systems introduced in [8].
To provide a flexibility in formulating more specific statements related to the spatial
localization of wavepackets we introduce a few types of wavepackets:
• a single particle-like wavepacket w which is characterized by the following properties: (a)
its modal decomposition involves only wavevectors from β-vicinity of a single wavevector
k∗, where β > 0 is a small parameter; (b) it is spatially localized in all directions and
can be assigned its position r∗;
• a multi-particle wavepacket which is a system {wl} of particle-like wavepackets with
the corresponding sets of wavevectors {k∗l} and positions {r∗l};
• a spatially localized multi-wavepacket which is a system {wl} with wl being either a
particle-like wavepacket or a general wavepacket.
We would like to note that a more detailed analysis, which is left for another paper, indi-
cates that under certain resonance conditions nonlinear interactions of particle-like wavepack-
ets may produce a spatially localized wavepacket w characterized by the following properties:
(i) its modal decomposition involves only wavevectors from β-vicinity of a single wavevector
k∗, where β > 0 is a small parameter; (ii) it is only partly spatially localized in some, not
necessarily all directions, and, for instance, it can be needle-like or pancake-like.
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We also would like to point out that the particular form (1.1) of dependence on the
small parameter ̺ is chosen so that appreciable nonlinear effects occur at times of order one.
In fact, many important classes of problems involving small or parameters can be readily
reduced to the framework of (1.1) by a simple rescaling. It can be seen from the following
examples. The first example is a system with a small nonlinearity
∂tv = −iLv + αf (v) , v|t=0 = h, 0 < α≪ 1, (1.12)
where the initial data is bounded uniformly in α. Such problems are reduced to (1.1) by
the time rescaling τ = tα. Note that here ̺ = α and the finite time interval 0 ≤ τ ≤ τ ∗
corresponds to the long time interval 0 ≤ t ≤ τ ∗/α.
The second example is a system with small initial data considered on long time intervals.
The system itself has no small parameters but the initial data are small, namely
∂tv = −iLv + f0 (v) , v|t=0 = α0h, 0 < α0 ≪ 1, where (1.13)
f0 (v) = f
(m)
0 (v) + f
(m+1)
0 (v) + . . . ,
where α0 is a small parameter and f
(m) (v) is a homogeneous polynomial of degree m ≥ 2.
After rescaling v = α0V we obtain the following equation with a small nonlinearity
∂tV = −iLV + α
m−1
0
[
f
(m)
0 (V) + α0f
0(m+1) (V) + . . .
]
, V|t=0 = h, (1.14)
which is of the form of (1.12) with α = αm−10 . Introducing the slow time variable τ = tα
m−1
0
we get from the above an equation of the form (1.1), namely
∂τV = −
i
αm−10
LV +
[
f (m) (V) + α0f
(m+1) (V) + . . .
]
, V|t=0 = h, (1.15)
where the nonlinearity does not vanish as α0 → 0. In this case ̺ = α
m−1
0 and the finite time
interval 0 ≤ τ ≤ τ ∗ corresponds to the long time interval 0 ≤ t ≤
τ∗
αm−10
with small α0 ≪ 1.
The third example is related to a high-frequency carrier wave in the initial data. To be
concrete, we consider the Nonlinear Schrodinger equation
∂τU = −i∂
2
xU + iα |U |
2 U, U |τ=0 = h1 (Mβx) e
iMk∗1x + h2 (Mβx) e
iMk∗2x + c.c., (1.16)
where c.c. stands for complex conjugate of the prior term, and M ≫ 1 is a large parameter.
The equation (1.16) can be readily recast into the form (1.1) by change of variables y = Mr
yielding
∂τU = −i
1
̺
∂2rU + iα |U |
2 U, U |τ=0 = h1 (βr) e
ik∗1r + h2 (βr) e
ik∗2r + c.c., (1.17)
where ̺ =
1
M2
≪ 1.
Summarizing the above analysis we list below important ingredients of our approach.
7
• The wave nonlinear evolution is analyzed based on the modal decomposition with re-
spect to the linear part of the system. The significance of the modal decomposition
to the nonlinear analysis is based on the following properties: (i) the wave modal
amplitudes do not evolve under the linear evolution; (ii) the same amplitudes evolve
slowly under the nonlinear evolution; (iii) modal decomposition is instrumental to the
wavepacket definition including its spatial extension and the group velocity.
• Components of multi-particle wavepacket are characterized by their wavevectors k∗l,
band numbers nl and spatial positions r∗l. The nonlinear evolution preserves k∗l and
nl whereas the spatial positions evolve uniformly with the velocities
1
̺
∇ωnl (k∗l).
• The problem involves two small parameters β and ̺ respectively in the initial data and
coefficients of the master equation (1.1). These parameters scale respectively (i) the
range of wavevectors involved in its modal composition, with β−1 scaling its spatial
extension, and (ii) ̺ scaling the ratio of the slow and the fast time scales. We make
no assumption on the functional dependence between β and ̺, which are essentially
independent and are subject only to inequalities.
• The nonlinear evolution is studied for a finite time τ ∗ which may depend on, say,
the amplitude of the initial excitation, and, importantly, τ ∗ is long enough to observe
appreciable nonlinear phenomena which are not vanishingly small. The superposition
principle can be extended to longer time intervals up to blow-up time or even infinity if
relevant uniform in β and ̺ estimates of solutions in appropriate norms are available.
• In the chosen slow time scale there are two fast wave processes with typical time scale
of order ̺ which can be attributed to the linear operator L: (i) fast time oscillations
resulting in time averaging and consequent suppression of many nonlinear interactions;
(ii) fast wavepacket propagation with large group velocities resulting in effective weak-
ening of nonlinear interactions which are not time-averaged because of resonances. It
is these two processes provide mechanisms leading to the superposition principle.
The rest of the paper is organized as follows. In the following Subsection 2.1 we introduce
definitions of wavepackets, multiwavepackets and particle wavepackets. In subsection 2.1 we
also formulate and briefly discuss some important results of [8] which are used in this paper,
and in Subsection 2.2 we formulate new results. In Section 3 we formulate conditions imposed
on the linear and the nonlinear parts of the evolution equation (1.1), and also introduce
relevant concepts describing resonance interactions inside of wavepackets. In Section 4 we
introduce an integral form of the basic evolution equation and study basic properties of
involved operators. In Section 5 we introduce wavepacket interaction system describing
the dynamics of wavepackets. In Section 6 we, first, define averaged wavepacket interaction
system which plays a fundamental role in the analysis of the dynamics of multiwavepackets
and then prove that solutions to this system approximate solutions to the original equation
with high accuracy. We also discuss there properties of averaged nonlinearities, in particular,
for universally and conditionally universal invariant wavepackets, and prove the fundamental
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theorems on preservation of multi-particle wavepackets, namely Theorems 6.13 and Theorem
2.10. In Section 7 we prove the superposition principle using an approximate decoupling of
the averaged wavepacket interaction system. In the last subsection of this section we prove
some generalizations to the cases involving non-generic resonance interactions such as the
second-harmonic and the third-harmonic generations.
2 Statement of results
This section consists of two subsections. In the first one we introduce basic concepts and
terminology and formulate relevant results from [8] which are used latter on, and in the
second one we formulate new results of this paper.
2.1 Wavepackets and their basic properties
Since the both linear operator L (−i∇) and the nonlinearity F (U) are translation invariant,
it is natural and convenient to recast the evolution equation (1.1) by applying to it the Fourier
transform with respect to the space variables r, namely
∂τUˆ (k) = −
i
̺
L (k) Uˆ (k) + Fˆ
(
Uˆ
)
(k) , Uˆ (k)
∣∣∣
τ=0
= hˆ (k) , (2.1)
where Uˆ (k) is the Fourier transform of U (r), i.e.
Uˆ (k) =
∫
Rd
U (r) e−ir·k dr, U (r) = (2π)−d
∫
Rd
Uˆ (k) eir·k dr, where r,k ∈ Rd, (2.2)
and Fˆ is the Fourier form of the nonlinear operator F (U) involving convolutions, see (3.9)
for details. The equation (2.1) is written in terms of Fourier modes, and we call it the modal
form of the original equation (1.1). The most of our studies are conducted first for the modal
form (2.1) of the evolution equation and carried over then to the original equation (1.1).
The nonlinear evolution equations (1.1), (2.1) are commonly interpreted as describing
wave propagation in a nonlinear medium. We assume that the linear part L (k) is a 2J × 2J
Hermitian matrix with eigenvalues ωn,ζ (k) and eigenvectors gn,ζ (k) satisfying
L (k) gn,ζ (k) = ωn,ζ (k) gn,ζ (k) , ζ = ±, ωn,+ (k) ≥ 0, ωn,− (k) ≤ 0, n = 1, . . . , J, (2.3)
where ωn,ζ (k) are real-valued, continuous for all non-singular k functions, and vectors
gn,ζ (k) ∈ C
2J have unit length in the standard Euclidean norm. The functions ωn,ζ (k),
n = 1, . . . , J , are called dispersion relations between the frequency ω and the wavevector k
with n being the band number. We assume that the eigenvalues are naturally ordered by
ωJ,+ (k) ≥ . . . ≥ ω1,+ (k) ≥ 0 ≥ ω1,− (k) ≥ . . . ≥ ωJ,− (k) , (2.4)
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and for almost every k (with respect to the standard Lebesgue measure) the eigenvalues are
distinct and, consequently, the above inequalities become strict. Importantly, we also assume
the following diagonal symmetry condition
ωn,−ζ (−k) = −ωn,ζ (k) , ζ = ±, n = 1, . . . , J, (2.5)
which is naturally present in many physical problems (see also Remark 3.3 below), and is a
fundamental condition imposed on the matrix L (k). Very often we use the abbreviation
ωn,+ (k) = ωn (k) . (2.6)
In particular we obtain from (2.5)
ωn,− (k) = −ωn (−k) , ωn,ζ (k) = ζωn (ζk) , ζ = ±. (2.7)
In addition to that in many examples we also have
gn,ζ (k) = g
∗
n,−ζ (−k) , where z
∗ is complex conjugate to z. (2.8)
We also use rather often the orthogonal projection Πn,ζ (k) in C
2J onto the complex line
defined by the eigenvector gn,ζ (k), namely
Πn,ζ (k) uˆ (k) = u˜n,ζ (k)gn,ζ (k) = uˆn,ζ (k) , n = 1, . . . , J, ζ = ±. (2.9)
As it is indicated by the title of this paper we study the nonlinear problem (1.1) for initial
data hˆ in the form of a properly defined particle-like wavepackets or, more generally, a sum
of such wavepackets to which we refer as multi-particle wavepacket. The simplest example of
a wavepacket w is provided by the following formula
w (β; r) = Φ+ (β (r− r∗)) e
ik∗·(r−r∗)gn,+ (k∗) , r ∈ R
d, (2.10)
where k∗ ∈ R
d is wavepacket principal wavevector, n is band number, and β > 0 is a small
parameter. We refer to the pair (n,k∗) in (2.10) as wavepacket nk-pair and r∗ as wavepacket
position. Observe that the space extension of the wavepacket w (β; r) is proportional to β−1
and it is large for small β. Notice also that if β → 0 the wavepacket w (β; r) as in (2.10)
tends, up to a constant factor, to the elementary eigenmode eik∗·rgn,ζ (k∗) of the operator
L (−i∇) with the corresponding eigenvalue ωn,ζ (k∗). We refer to wavepackets of the simple
form (2.10) as simple wavepackets to underline the very special way the parameter β enters its
representation. The function Φζ (r), which we call wavepacket envelope, describes its shape
and it can be any scalar complex-valued regular enough function, for example a function
from Schwartz space. Importantly, as β → 0 the L∞ norm of a wavepacket (2.10) remains
constant, hence nonlinear effects in (1.1) remain strong.
Evolution of wavepackets in problems which can be reduced to the form (1.1) were studied
for a variety of equations in numerous physical and mathematical papers, mostly by asymp-
totic expansions with respect to a single small parameter similar to β, see [13], [16], [20],
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[22], [27], [33], [34], [41], [45], [47], [48] and references therein. We are interested in general
properties of evolutionary systems of the form (1.1) with wavepacket initial data which hold
for a wide class of nonlinearities and all values of the space dimensions d and the number 2J
of the system components. Our approach is not based on asymptotic expansions but involves
the two small parameters β and ̺ with mild constraints (1.9) on their relative smallness.
The constraints can be expressed either in the form of certain inequalities or equalities, and
a possible simple form of such a constraint can be a power law
β = C̺κ where C > 0 and κ > 0 are arbitrary constants. (2.11)
Of course, general features of wavepacket evolution are independent of particular values of the
constant C. In addition to that, some fundamental properties such as wavepacket preservation
are also totally independent on particular choice of the values of κ in (2.11), whereas other
properties are independent of κ as it varies in certain intervals. For for instance, dispersion
effects are dominant for κ < 1/2, whereas the wavepacket superposition principle of [8] holds
for κ < 1.
To eliminate unbounded (as ̺ → 0) linear term in (2.1) by replacing it with a highly
oscillatory factor we introduce the slow variable uˆ (k, τ) by the formula
Uˆ (k, τ ) = e−
iτ
̺
L(k)uˆ (k, τ) , (2.12)
and get the following equation for uˆ (k, τ )
∂τ uˆ = e
iτ
̺
LFˆ
(
e
−iτ
̺
Luˆ
)
, uˆ|τ=0 = hˆ, (2.13)
which, in turn, can be transformed by time integration into the integral form
uˆ = F (uˆ) + hˆ, F (uˆ) =
∫ τ
0
e
iτ′
̺
LFˆ
(
e
−iτ ′
̺
Luˆ (τ ′)
)
dτ ′ (2.14)
with explicitly defined nonlinear polynomial integral operator F = F (̺). This operator is
bounded uniformly with respect to ̺ in the Banach space E = C ([0, τ ∗] , L
1) .This space has
functions vˆ (k, τ), 0 ≤ τ ≤ τ ∗ as elements and has the norm
‖vˆ (k, τ)‖E = ‖vˆ (k, τ)‖C([0,τ∗],L1) = sup
0≤τ≤τ∗
∫
Rd
|vˆ (k, τ )| dk, (2.15)
where L1 is the Lebesgue space of functions vˆ (k) with the standard norm
‖vˆ (·)‖L1 =
∫
Rd
|vˆ (k)| dk. (2.16)
Sometimes we use more general weighted spaces L1,a with the norm
‖vˆ‖L1,a =
∫
Rd
(1 + |k|)a |vˆ (k)| dk, a ≥ 0. (2.17)
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The space C ([0, τ ∗] , L
1,a) with the norm
‖vˆ (k, τ )‖Ea = sup
0≤τ≤τ∗
∫
Rd
(1 + |k|)a |vˆ (k, τ)| dk. (2.18)
is denoted by Ea, and, obviously, E0 = E.
A rather elementary existence and uniqueness theorem (Theorem 4.8) implies that if
hˆ ∈ L1,a then for a small and, importantly, independent of ̺ constant τ ∗ > 0 this equation
has a unique solution
uˆ (τ ) = G
(
F (̺) , hˆ
)
(τ ) , τ ∈ [0, τ ∗] , uˆ ∈ C
1
(
[0, τ ∗] , L
1,a
)
, (2.19)
where G denotes the solution operator for the equation (2.14). If uˆ (k, τ) is a solution to
the equation (2.14) we call the function U (r, τ) defined by (2.12), (2.2) an F-solution to
the equation (1.1). We denote by Lˆ1 the space of functions V (r) such that their Fourier
transform Vˆ (k) belongs to L1, and define ‖V‖Lˆ1 =
∥∥∥Vˆ∥∥∥
L1
. Since
‖V‖L∞ ≤ (2π)
−d
∥∥∥Vˆ∥∥∥
L1
and Lˆ1 ⊂ L∞, (2.20)
F -solutions to (1.1) belong to C1
(
[0, τ ∗] , Lˆ
1
)
⊂ C1 ([0, τ ∗] , L
∞).
We would like to define wavepackets in a form which explicitly allows them to be real
valued. This is accomplished based on the symmetry (2.5) of the dispersion relations, which
allows to introduce a doublet wavepacket
w (β; r) = Φ+ (β (r− r∗)) e
ik∗·(r−r∗)gn,+ (k∗) + Φ− (β (r− r∗)) e
−ik∗·(r−r∗)gn,− (−k∗) . (2.21)
Such a wavepacket is real if Φ− (r), gn,− (−k∗) are complex conjugate respectively to Φ+ (r),
gn,+ (k∗), i.e. if
Φ− (r) = Φ
∗
+ (r) , gn,+ (k∗) = gn,− (−k∗)
∗ . (2.22)
Usually when considering wavepackets with nk-pair (n,k∗) we mean doublet ones as in
(2.21), but sometimes we use the term wavepacket also for an elementary one as defined by
(2.10). Note that the latter use is consistent with the former one since it is possible to take
one of two terms in (2.21) to be zero.
Below we give a precise definition of a wavepacket. To identify characteristic properties
of a wavepacket suitable for our needs, let us look at the Fourier transform wˆ (β;k) of an
elementary wavepacket w (β; r) defined by (2.10), that is
wˆ (β;k) = β−de−ik·r∗Φˆ
(
β−1 (k− k∗)
)
gn,ζ (k∗) . (2.23)
We call such wˆ (β;k) wavepacket too and it possesses the following properties: (i) its L1
norm is bounded (in fact, constant), uniformly in β → 0; (ii) for every ǫ > 0 the value
wˆ (β;k) → 0 for every k outside a β1−ǫ-neighborhood of k∗, and the convergence is faster
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than any power of β if Φ is a Schwartz function. To explicitly interpret the last property we
introduce a cutoff function Ψ (η) which is infinitely smooth and such that
Ψ (η) ≥ 0, Ψ (η) = 1 for |η| ≤ 1/2, Ψ (η) = 0 for |η| ≥ 1, (2.24)
and its shifted/rescaled modification
Ψ
(
β1−ǫ,k∗;k
)
= Ψ
(
β−(1−ǫ) (k− k∗)
)
. (2.25)
If an elementary wavepacket w (β; r) is defined by (2.23) with Φ (r) being a Schwartz function
then ∥∥(1−Ψ (β1−ǫ,k∗; ·)) wˆ (β; ·)∥∥ ≤ Cǫ,sβs, 0 < β ≤ 1, (2.26)
and the inequality holds for arbitrarily small ǫ > 0 and arbitrarily large s > 0. Based on the
above discussion we give the following definition of a wavepacket which is a minor variation
of [9, Definiton 8].
Definition 2.1 (single-band wavepacket) Let ǫ be a fixed number, 0 < ǫ < 1. For a
given band number n ∈ {1, . . . , J} and a principal wavevector k∗ ∈ R
d a function hˆ (β;k)
is called a wavepacket with nk-pair (n,k∗) and the degree of regularity s > 0 if for small
β < β0 with some β0 > 0 it satisfies the following conditions: (i) hˆ (β;k) is L
1-bounded
uniformly in β, i.e. ∥∥∥hˆ (β; ·)∥∥∥
L1
≤ C, 0 < β < β0 for some C > 0; (2.27)
(ii) hˆ (β;k) is composed essentially of two functions hˆζ (β;k), ζ = ±, which take values in
n-th band eigenspace of L (k) and are localized near ζk∗, namely
hˆ (β;k) = hˆ− (β;k) + hˆ+ (β;k) +Dh, 0 < β < β0, (2.28)
where the components hˆ± (β;k) satisfy the condition
hˆζ (β;k) = Ψ
(
β1−ǫ/2, ζk∗;k
)
Πn,ζ (k) hˆζ (β;k) , ζ = ±, (2.29)
where Ψ
(
·, ζk∗, β
1−ǫ
)
is defined by (2.25) and Dh is small, namely it satisfies the inequality
‖Dh‖L1 ≤ C
′βs, 0 < β < β0, for some C
′ > 0. (2.30)
The inverse Fourier transform h (β; r) of a wavepacket hˆ (β;k) is also called a wavepacket.
Evidently, if a wavepacket has the degree of regularity s, it also has a smaller degree of
regularity s′ ≤ s with the same ǫ. Observe that the degree of regularity s is related to the
smoothness of Φζ (r) as in (2.10) so that the higher is the smoothness the higher
s
ǫ
can be
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taken. Namely, if Φˆζ ∈ L
1,a then one can take in (2.30) any s < aǫ according to the following
inequality: ∫ ∣∣∣(1−Ψ (βǫη)) Φˆζ (η)∣∣∣ dη ≤ βaǫ ∥∥∥Φˆζ∥∥∥
L1,a
≤ Cβs. (2.31)
For example, if we define hˆζ similarly to (2.29) and (2.23) by the formula
hˆζ (β;k) = Ψ
(
β−(1−ǫ) (k− k∗)
)
β−dΦˆζ
(
β−1 (k− k∗)
)
Πn,ζ (k) g (2.32)
where Φˆζ (k) is a scalar Schwartz function and g is a vector, then according to(2.31) estimate
(2.30) holds and hˆζ (β;k) is a wavepacket with arbitrarily large degree of regularity s for
any given ǫ such that 0 < ǫ < 1.
Now let us define a particle-like wavepacket following to the ideas indicated in the Intro-
duction.
Definition 2.2 ( single-band particle-like wavepacket) We call a function hˆ (β;k) =
hˆ (β, r∗;k), r∗ ∈ R
d, a particle-like wavepacket with the position r∗, nk-pair (n,k∗) and the
degree of regularity s > 0 if (i) for every r∗ it is a wavepacket with the degree of regularity s
in the sense of the above Definition 2.1 with constants C,C ′ independent of r∗ ∈ R
d; (ii) hˆζ
in (2.28) satisfy the inequalities∫
Rd
∣∣∣∇k (eir∗khˆζ (β, r∗;k))∣∣∣ dk ≤ C1β−1−ǫ, ζ = ±, r∗ ∈ Rd, (2.33)
where C1 > 0 is an independent of β and r∗ constant, ǫ is the same as in Definition 2.1.
The inverse Fourier transform h (β; r) of a wavepacket hˆ (β;k) is also called a particle-like
wavepacket with the position r∗. We also introduce quantity
a
(
r′∗, hˆζ (r∗)
)
=
∥∥∥∇k (eir′∗khˆζ (β, r∗;k))∥∥∥
L1
(2.34)
which we refer to as the position detection function for the wavepacket hˆ (β, r∗;k).
Note that the left-hand side of (2.33) coincides with a
(
r∗, hˆζ (r∗)
)
.
Remark 2.3 If hˆ (β;k) = hˆ (β, r∗;k) is a particle-like wavepacket with a position r∗ then,
applying inverse Fourier transform to hˆζ (β, r∗;k) and ∇khˆζ (β, r∗;k) as in (2.2) we obtain
a function h (β, r∗; r) which satisfies
|r− r∗| |hζ (β, r∗; r)| ≤ (2π)
−d a
(
r∗, hˆζ
)
(2.35)
implying that |hζ (β; r)| ≤ a
(
r∗, hˆζ
)
|r− r∗|
−1. This inequality is useful for large |r− r∗|,
whereas for bounded |r− r∗| (2.27) implies a simpler inequality
|hζ (β, r∗; r)| ≤ (2π)
−d
∥∥∥hˆ∥∥∥
L1
≤ C. (2.36)
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Inequalities (2.35) and (2.33) suggest that the quantity a
(
r∗, hˆζ (r∗)
)
can be interpreted as
a size of the particle-like wavepacket hˆζ (β, r∗;k).
Evidently a particle-like wavepacket is a wave and not a point. Hence the above definition
of its position has a degree of uncertainty, allowing, for example, to replace r∗ by r∗+a with a
fixed vector a (but not allowing unbounded values of a). The above definition of particle-like
wavepacket position was crafted to meet the following requirements: (i) a system of particle-
like wavepackets remains to be such a system under the nonlinear evolution; (ii) it is possible
(in an appropriate scale) to describe the trajectories traced out by the positions of a system
of particle-wavepackets
Remark 2.4 Typical dependence of the inverse Fourier transform h (β, r∗; r) of a wavepacket
hˆ (β, r∗;k) on r∗ is provided by spatial shifts by r∗ as in (2.21), namely
h (β, r∗; r) = Φ (β (r− r∗)) e
ik∗·(r−r∗)g
with a constant g. For such a function h and for any r′∗ ∈ R
d
a
(
r′∗, hˆ (r∗)
)
=
∥∥∥∇k (β−deikr′∗hˆ (β, r∗;k))∥∥∥
L1
=
∥∥∥∇k (β−deikr′∗e−ikr∗Φˆ (k))∥∥∥
L1
‖g‖
= ‖g‖
∫ ∣∣∣∣i (r′∗ − r∗) Φˆ (k′) + 1β∇k′Φˆ (k′)
∣∣∣∣ dk′.
Hence, taking for simplicity ‖g‖ = 1, we obtain
|r′∗ − r∗|
∥∥∥Φˆ∥∥∥
L1
+
1
β
∥∥∥∇Φˆ∥∥∥
L1
≥ a
(
r′∗, hˆ (r∗)
)
≥
∣∣∣∣|r′∗ − r∗|
∥∥∥Φˆ∥∥∥
L1
−
1
β
∥∥∥∇Φˆ∥∥∥
L1
∣∣∣∣ . (2.37)
For small |r′∗ − r∗| ≪
1
β
we see that the position detection function a
(
r′∗, hˆ
)
is of order
O
(
β−1
)
, which is in the agreement with (2.33). For large |r′∗ − r∗| ≫
1
β
the a
(
r′∗, hˆ
)
is
approximately proportional to |r′∗ − r∗|. Therefore if we know a
(
r′∗, hˆ (r∗)
)
as a function of
r′∗ we can recover the value of r∗ with the accuracy of order O
(
β−1−ǫ
)
with arbitrary small
ǫ. Namely, let us take arbitrary small ǫ > 0 and some C > 0 and consider the set
B (β) =
{
r′∗ : a
(
r′∗, hˆ (r∗)
)
≤ Cβ−1−ǫ
}
⊂ Rd, (2.38)
which should provide an approximate location of r∗. According to (2.37), r∗ lies in this set
for small β. If r′∗ lies in this set then
Cβ−1−ǫ ≥ a
(
r′∗, hˆ (r∗)
)
≥
∣∣∣∣|r′∗ − r∗|
∥∥∥Φˆ∥∥∥
L1
−
1
β
∥∥∥∇Φˆ∥∥∥
L1
∣∣∣∣
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and |r′∗ − r∗| ≤ C1β
−1−ǫ + C2β
−1. Hence the diameter of the B (β) is of order O
(
β−1−ǫ
)
.
Observe, taking into account Remark 2.3, that the accuracy of the wavepacket location ob-
viously cannot be better than its size a
(
r∗, hˆζ (r∗)
)
∼ β−1. The above analysis suggest that
the function h (β, r∗; r) can be viewed as pseudoshifts of the function h (β, 0; r) by vectors
r∗ ∈ R
d in the sense that the regular spatial shift by r∗ is combined with a variation of the
shape of h (β, 0; r) which is limited by the fundamental condition (2.33). In other words,
according Definition 2.2 as wavepacecket moves from 0 to r∗ by a corresponding spatial shift
it is allowed to change its shape subject to the fundamental condition (2.33). The later is
instrumental for capturing nonlinear evolution of particle-like wavepackets governed by an
equation of the form (1.1).
Remark 2.5 The set B (β) defined by (2.38) gives an approximate location of the support of
the function hˆ (β, r∗;k) not only in the special case considered in Remark 2.4, but also when
h (β, r∗; r) is a general particle-like wavepacket. One can apply with obvious modifications the
above argument for eikr∗hˆ (β, r∗;k) in place of Φˆ (k) using (2.33). Here we give an alternative
argument based on (2.35). Notice that condition a
(
r∗0, hˆ (r∗)
)
≤ Cβ−1−ǫ obviously can be
satisfied not only by r∗0 = r∗. But one can show that the diameter of the set of such r∗0 is
estimated by O
(
β−1−ǫ
)
. Indeed, assume that a given function h (β, r) does not vanish at a
given point r0, that is |h (β, r0)| ≥ c0 > 0 for all β ≤ β0. The fulfillment of (2.33) for the
function h (β, r) with two different values of r∗, namely r∗ = r
′
∗ and r∗ = r
′′
∗ implies that
a
(
r′∗, hˆ
)
≤ C1β
−1−ǫ, a
(
r′′∗, hˆ
)
≤ C2β
−1−ǫ,
and according to (2.35) for all r
|r− r′∗| |h (β, r)| ≤ (2π)
−dC1β
−1−ǫ, |r− r′′∗| |h (β, r)| ≤ (2π)
−dC2β
−1−ǫ,
Hence,
|r0 − r
′
∗| ≤
(2π)−dC1β
−1−ǫ
c0
, |r0 − r
′′
∗| ≤
(2π)−dC1β
−1−ǫ
c0
,
and
|r′∗ − r
′′
∗| ≤ C3β
−1−ǫ.
Note that if we rescale variables r and r∗ as in Example 2.13, namely ̺r = y and ̺r∗ = y∗
with ̺ = β2, the diameter of the set B (β) in y- coordinates is of order β1−ǫ ≪ 1, and,
hence, this set gives a good approximation for the location of the particle-like wavepacket as
β → 0. It is important to notice, that our method to locate the support of wavepackets is
applicable to very general wavepackets and does not use their specific form. This flexibility
allows us to prove that particle-like wavepackets and their positions are well defined during
nonlinear dynamics of generic equations with rather general initial data which form infinite-
dimensional function spaces. Another approaches to describe dynamics of waves are applied
to situations where solutions under considerations can be parametrized by a finite number of
parameters and the dynamics of the parameters describes dynamics of the solutions. See for
example [25], [26] where dynamics of centers of solitions is described.
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Remark 2.6 Note that for a single wavepacket initial data h (β, r− r′∗) one can make a
change of variables to a moving frame (x, τ ), namely (r, τ) = (x + vτ , τ), where v =
1
̺
∇ω (k∗) is the group velocity; this change of variables makes the group velocity zero. Often
it is possible to prove that dynamics preserves functions which decay at infinity , namely if
the initial data h (β,x) decays at the spatial infinity then the solution U (β,x, τ) also decays
at infinity (though corresponding proofs can be rather technical). This property can be re-
formulated in rescaled y variables as follows: if initial data are localized about zero, then the
solution is localized about zero as well. Then, using the fact that the equation has constant
coefficients, we observe that the solution U (β,y − y′∗, τ), corresponding to h (β,y − y
′
∗), is
localized about y′∗ provided that h (β,y) was localized about the origin. Note that in this
paper we consider much more complicated case of multiple wavepackets. Even in the sim-
plest case of the initial multiwavepacket which involves only two components, namely the
wavepacket h (β, r) = h1 (β, r− r
′
∗)+h2 (β, r− r
′′
∗) with two principal wave vectors k1∗ 6= k2∗
one evidently cannot use the above considerations based on the change of variables and the
translational invarance. Using other arguments devoloped in this paper we prove that systems
of particle-like wavepackets remain localized in the process of the nonlinear evolution.
Note that similarly to (1.2) and (1.4) a function of the form
β−d
(
e−ikr∗1 + e−ikr∗2
) [
hˆ
(
k− k∗
β
)]
gn (k∗) ,
defined for any pair of r∗1 and r∗2 where hˆ is a Schwartz function and all constants in
Definition 2.1 are independent of r∗1, r∗2 ∈ R
d, is not a single particle-like wavepacket since
it does not have a single wavepacket position r∗, but rather it is a sum of two particle-like
wavepackets with two positions r∗1 and r∗2.
We want to emphasize once more that a particle-like wavepacket is defined as the family
hˆ (β, r∗;k) with r∗ being an independent variable running the entire space R
d, see, for ex-
ample, (1.2), (1.3) and (2.21). In particular, we can choose a dependence of r∗ on β and ̺.
An interesting type of such a dependence is r∗ = r
0
∗/̺ where ̺ satisfies (2.11) as we discuss
below in the Example 2.13.
Our special interest is in the waves that are finite sums of wavepackets which we refer to
as multi-wavepackets.
Definition 2.7 (multi-wavepacket) Let S be a set of nk-pairs:
S = {(nl,k∗l) , l = 1, . . . , N} ⊂ Σ = {1, . . . , J}×R
d, (nl,k∗l) 6= (nl′,k∗l′) for l 6= l
′, (2.39)
and N = |S| be their number. Let KS be a set consisting of all different wavevectors k∗l
involved in S with |KS| ≤ N being the number of its elements. KS is called wavepacket
k-spectrum and without loss of genericity we assume the indexing of elements (nl,k∗l) in S
to be such that
KS = {k∗i, i = 1, . . . , |KS|} , i.e. l = i for 1 ≤ i ≤ |KS| . (2.40)
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A function hˆ (β) = hˆ (β;k) is called a multi-wavepacket with nk-spectrum S if it is a finite
sum of wavepackets, namely
hˆ (β;k) =
N∑
l=1
hˆl (β;k) , 0 < β < β0 for some β0 > 0, (2.41)
where hˆl, l = 1, . . . , N , is a wavepacket with nk-pair (k∗l, nl) ∈ S as in Definition 2.1. If
all the wavepackets hˆl (β;k) = hˆl (β, r∗l;k) are particle-like ones with respective positions r∗l
then the multi-wavepacket is called multi-particle wavepacket and we refer to (r∗1, . . . , r∗N)
as its position vector.
Note that if hˆ (β;k) is a wavepacket then hˆ (β;k) + O (βs) is also a wavepacket with
the same nk-spectrum, and the same is true for multi-wavepackets. Hence, we can introduce
multi-wavepackets equivalence relation ”≃” of the degree s by
hˆ1 (β;k) ≃ hˆ2 (β;k) if
∥∥∥hˆ1 (β;k)− hˆ2 (β;k)∥∥∥
L1
≤ Cβs for some constant C > 0. (2.42)
Note that condition (2.33) does not impose restrictions on the term Dh in (2.28), therefore
this equivalence can be applied to particle wavepackets.
Let us turn now to the abstract nonlinear problem (2.14) where (i) F = F (̺) depends on
̺ and (ii) the initial data hˆ = hˆ (β) is a multi-wavepacket depending on β. We would like to
state our first theorem on multi-wavepacket preservation under the evolution (2.14) for β, ̺→
0, which holds provided its nk-spectrum S satisfies a natural condition called resonance
invariance. This condition is intimately related to the so-called phase and frequency matching
conditions for stronger nonlinear interactions, and its concise formulation is as follows. We
define for given dispersion relations {ωn (k)} and any finite set S ⊂ {1, . . . , J} ×R
d another
finite set R (S) ⊂ {1, . . . , J} × Rd where R is a certain algebraic operation described in
Definition 3.8 below. It turns out that for any S always S ⊆ R (S), but if R (S) = S we call
S resonance invariant. The condition of resonance invariance is instrumental for the multi-
wavepacket preservation, and there are examples showing that if it fails, i.e. R (S) 6= S,
the wavepacket preservation does not hold. Importantly, the resonance invariance R (S) =
S allows resonances inside the multi-wavepacket, that includes, in particular, resonances
associated with the second and the third harmonic generations, resonant four-wave interaction
etc. In this paper we will use basic results on wavepacket preservation obtained in [8] ,
and we formulate theorems from [8] we need here. Since we use constructions from [8], for
completeness we provide also their proofs in the following subsections. The following two
theorems are proved in [8].
Theorem 2.8 (multi-wavepacket preservation) Suppose that the nonlinear evolution is
governed by (2.14) and the initial data hˆ = hˆ (β;k) is a multi-wavepacket with nk-spectrum
S and the regularity degree s, and assume S to be resonance invariant (see Definition 3.8
below). Let ρ (β) be any function satisfying
0 < ρ (β) ≤ Cβs, for some constant C > 0, (2.43)
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and let us set ̺ = ρ (β). Then the solution uˆ (τ , β) = G
(
F (ρ (β)) , hˆ (β)
)
(τ ) to (2.14) for
any τ ∈ [0, τ ∗] is a multi-wavepacket with nk-spectrum S and the regularity degree s, i.e.
uˆ (τ , β;k) =
∑N
l=1
uˆl (τ , β;k) , where uˆl is wavepacket with nk-pair (nl,k∗l) ∈ S. (2.44)
The time interval length τ ∗ > 0 depends only on L
1-norms of hˆl (β;k) and N . The presen-
tation (2.44) is unique up to the equivalence (2.42) of degree s.
The above statement can be interpreted as follows. Modes in nk-spectrum S are always
resonance coupled with modes in R (S) through the nonlinear interactions, but if R (S) = S
then (i) all resonance interactions occur inside S and (ii) only small vicinity of S is involved
in nonlinear interactions leading to the multi-wavepacket preservation.
The statement of Theorems 2.8 directly follows from the following general theorem proved
in [8].
Theorem 2.9 (multi-wavepacket approximation) Let the initial data hˆ in the integral
equation (2.14) be a multi-wavepacket hˆ (β;k) with nk-spectrum S as in (2.39), the regularity
degree s and with the parameter ǫ > 0 as in Definition 2.1. Assume that S is resonance
invariant in the sense of Definition 3.8 below. Let the cutoff function Ψ
(
β1−ǫ,k∗;k
)
and the
eigenvector projectors Πn,± (k) be defined by (2.25) and (2.9) respectively. For a solution uˆ
of (2.14) we set
uˆl (β; τ ,k) =
[∑
ζ=±
Ψ
(
Cβ1−ǫ, ζk∗l;k
)
Πnl,ζ (k)
]
uˆ (β; τ ,k) , l = 1, . . . , N. (2.45)
Then every such uˆl (β; τ ,k) is a wavepacket and
sup
0≤τ≤τ∗
∥∥∥uˆ (β; τ ,k)−∑N
l=1
uˆl (β; τ ,k)
∥∥∥
L1
≤ C1̺+ C2β
s (2.46)
where the constants C,C1 do not depend on ǫ, s and β, and the constant C2 does not depend
on βand ̺.
We would like to point out also that Theorem 2.8 allows to take values uˆ (τ ∗) as new
wavepacket initial data for (1.1) and extend the wavepacket invariance of a solution to the
next time interval τ ∗ ≤ τ ≤ τ ∗1. This observation allows to extend the wavepacket invariance
to larger values of τ (up to blow-up time or infinity) if some additional information about
solutions with wavepacket initial data is available, see [8].
Note that the wavepacket form of solutions can be used to obtain long-time estimates
of solutions. Namely, very often behavior of every single wavepacket is well approximated
by its own nonlinear Schrodinger equation (NLS), see [19], [38], [20], [27], [34], [35], [45],
[47], [48], [49] and references therein, see also Section 6. Many features of the dynamics
governed by NLS-type equations are well-understood, see [17], [18], [39], [46], [50], [51] and
references therein. These results can be used to obtain long-time estimates for every single
wavepacket (as, for example, in [35]) and, with the help of the superposition principle, for
the multiwavepacket solution.
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2.2 Formulation of new results on particle wavepackets
In this paper we prove the following refinement of Theorem 2.8 for the case of multi-particle
wavepackets.
Theorem 2.10 (multi-particle wavepacket preservation) Assume that conditions of The-
orem 2.9 hold and, in addition to that, the initial data hˆ = hˆ (β;k) is a multi-particle
wavepacket of degree s with positions r∗1, . . . , r∗N and the multi-particle wavepacket is uni-
versally resonance invariant in the sense of Definition 3.8. Assume also that
ρ (β) ≤ Cβs0, s0 > 0. (2.47)
Then the solution uˆ (β; τ) = G
(
F (ρ (β)) , hˆ (β)
)
(τ ) to (2.14) for any τ ∈ [0, τ ∗] is a
multi-particle wavepacket with the same nk-spectrum S and the same positions r∗1, . . . , r∗N .
Namely, (2.46) holds where uˆl is wavepacket with nk-pair (nl,k∗l) ∈ S defined by (2.45),
the constants C,C1, C2 do not depend on r∗l. and every uˆl is equivalent in the sense of the
equivalence (2.42) of degree s1 = min (s, s0) to a particle wavepacket with the position r∗l.
Remark 2.11 Note that in the statement of the above theorem the positions r∗1, . . . , r∗N of
wavepackets which compose the solution uˆ (β; τ ,k) of (2.13) and (2.14) do not depend on τ
and, hence, do not move. Note also that the solution Uˆ (β; τ ,k) of the original equation (2.1),
related to uˆ (β; τ ,k) by the change of variables (2.12), is composed of wavepackets Ul (β; τ , r),
corresponding to ul (β; τ , r), have their positions moving with respective constant velocities
∇kω (k∗l) (see for details Remark 4.1, see also the following corollary).
Using Proposition 4.2 we obtain from Theorem 2.10 the following corollary.
Corollary 2.12 Let conditions of Theorem 2.10 hold and Uˆ (β; τ ,k) be defined by (2.12) in
terms of uˆ (β; τ ,k). Let
β2
̺
≤ C, with some C, 0 < β ≤
1
2
, 0 < ̺ ≤
1
2
. (2.48)
Then Uˆ (β; τ ,k) is for every τ ∈ [0, τ ∗] a particle multi-wavepacket in the sense of Defini-
tion 2.2 with the same nk-spectrum S, regularity s1 and with τ -dependent positions r∗l +
τ
̺
∇kωn (k∗l).
In the following example we consider the case where spatial positions of wavepackets have
a specific dependence on parameter ̺, namely r∗ = r
0
∗/̺.
Example 2.13 (Wavepacket trajectories and collisions) Let us rescale the coordinates
in the physical space as follows
̺r = y (2.49)
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with the consequent rescaling of the wavevector variable (dual with respect to Fourier trans-
form) k = ̺η. It follows then that under the evolution (1.1) the group velocity of a wavepacket
with a wavevector k∗ in the new coordinates y becomes ∇kω (k∗) and evidently is of order
one. If we set the positions r∗l = r
0
∗l/̺ with fixed r
0
∗l, then according to (2.35) wavepackets
|h (β; r)| in y-variables have characteristic spatial scale y − r0∗l ∼ ̺a
(
r∗l, hˆ
)
∼ ̺β−1 which
is small if ̺/β is small. The positions of particle-like wavepackets (quasiparticles) Uˆ (y/̺, τ)
are initially located at yl = r
0
∗l and propagate with the group velocities ∇kω (k∗l). Their
trajectories are straight lines in the space Rd described by
y = τ∇kω (k∗l) + r
0
∗l, 0 ≤ τ ≤ τ ∗
(compare with (1.5)). The trajectories may intersect, indicating ”collisions” of quasiparticles.
Our results (Theorem 2.10) show that if a multi-particle wavepacket initially was universally
resonance invariant, then the involved particle-like wavepackets preserve their identity in spite
of collisions and the fact that the nonlinear interactions with other wavepackets (quasipar-
ticles) are not small, if fact, they are of order one. Note that r0∗l can be chosen arbitrarily
implying that up to N (N − 1) collisions can occur on the time interval [0, τ ∗] on which we
study the system evolution.
To formulate the approximate superposition principle for multi-particle wavepackets, we
introduce now the solution operator G mapping the initial data hˆ into the solution Uˆ = G
(
hˆ
)
of the modal evolution equation (2.14). This operator is defined for
∥∥∥hˆ∥∥∥ ≤ R according to
the existence and uniqueness Theorem 4.7. The main result of this paper is the following
statement.
Theorem 2.14 (superposition principle ) Suppose that the initial data hˆ of (2.14) is a
multi-particle wavepacket of the form
hˆ =
N∑
l=1
hˆl, N max
l
∥∥∥hˆl∥∥∥
L1
≤ R, (2.50)
satisfying Definition 2.7 and its nk-spectrum is universally resonance invariant in the sense
of Definition 3.8. Suppose also that that the group velocities of wavepackets are different,
namely
∇kωnl1 (k∗l1) 6= ∇kωnl2 (k∗l2) if l1 6= l2 (2.51)
and that (2.48) holds. Then the solution uˆ = G
(
hˆ
)
to the evolution equation (2.14) satisfies
the following approximate superposition principle
G
(
Nh∑
l=1
hˆl
)
=
Nh∑
l=1
G
(
hˆl
)
+ D˜, (2.52)
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with a small remainder D˜ (τ) such that
sup
0≤τ≤τ∗
∥∥∥D˜ (τ )∥∥∥
L1
≤ Cǫ
̺
β1+ǫ
|ln β| , (2.53)
where (i) ǫ is the same as in Definition 2.1 and can be arbitrary small; (ii) τ ∗ does not depend
on β, ̺, r∗l and ǫ; (iii) Cǫ does not depend on β, ̺ and positions r∗l .
A particular case of the above Theorem in which there was no dependence on r∗l was
proved in [9] by a different method based on the theory of analytic operators in Banach
spaces. The condition (2.51) can be relaxed if the initial positions of involved particle-like
wavepackets are far apart, and the the corresponding results are formulated in the theorem
below and in Example 2.13.
Theorem 2.15 (superposition principle ) Suppose that the initial data hˆ of (2.14) is
a multi-particle wavepacket of the form (2.50) with a universally resonance invariant nk-
spectrum in the sense of Definition 3.8 and (2.48) holds . Suppose also that either the group
velocities of wavepackets are different, namely (2.51)holds, or the positions r∗l satisfy the
inequality
τ ∗ |r∗l1 − r∗l2 |
−1 ≤
̺
2Cω,2β
1−ǫ if ∇kωnl1 (k∗l1) = ∇kωnl2 (k∗l2) , l1 6= l2, (2.54)
where the constant Cω,2 is the same as in (3.2). Then the solution uˆ = G
(
hˆ
)
to the evolution
equation (2.14) satisfies the approximate superposition principle (2.52), (2.53).
We prove in this paper further generalizations of the particle-like wavepacket preservation
and the superposition principle to the cases where the nk-spectrum of a multi-wavepacket
is not universal resonance invariant such as the cases of multi-wavepackets involving the sec-
ond and the third harmonic generation. In particular, we prove Theorem 7.5 showing that
that many (but, may be, not all) components of involved wavepackets remain spatially local-
ized. Another Theorem 7.7 extends the superposition principle to the case when resonance
interactions between components of a multi-wavepackets can occur.
3 Conditions and definitions
In this section we formulate and discuss all definitions and conditions under which we study
the nonlinear evolutionary system (1.1) through its modal, Fourier form (2.1). Most of the
conditions and definitions are naturally formulated for the modal form (2.1), and this is one
of the reasons we use it as the basic one.
22
3.1 Linear part
The basic properties of the linear part L (k) of the system (2.1), which is a 2J×2J Hermitian
matrix with eigenvalues ωn,ζ (k), has been already discussed in the Introduction. To account
for all needed properties of L (k) we define the singular set of points k.
Definition 3.1 (band-crossing points) We call k0 a band-crossing point for L (k) if ωn+1,ζ (k0) =
ωn,ζ (k0) for some n, ζ or L (k) is not continuous at k0 or if ω1,± (k0) = 0. The set of such
points is denoted by σbc.
In the next Condition we collect all constraints imposed on the linear operator L (k).
Condition 3.2 (linear part) The linear part L (k) of the system (2.1) is a 2J × 2J Her-
mitian matrix with eigenvalues ωn,ζ (k) and corresponding eigenvectors gn,ζ (k) satisfying for
k /∈ σbc the basic relations (2.3)-(2.5). In addition to that we assume:
(i) the set of band-crossing points σbc is a closed, nowhere dense set in R
d and has zero
Lebesgue measure;
(ii) the entries of the Hermitian matrix L (k) are infinitely differentiable in k for all k /∈ σbc
that readily implies via the spectral theory, [36], infinite differentiability of all eigenval-
ues ωn (k) in k for all k /∈ σbc;
(iii) L (k) satisfies a polynomial bound
‖L (k)‖ ≤ C (1 + |k|p) , k ∈ Rd, for some C > 0 and p > 0. (3.1)
Note that since ωn,ζ (k) are smooth if k /∈ σbc the following relations hold:
max
|k±k∗l|≤π0, l=1,...,N,
|∇kωnl,ζ| ≤ Cω,1, max
|k±k∗l|≤π0, l=1,...,N,
∣∣∇2
k
ωnl,ζ
∣∣ ≤ Cω,2, (3.2)
where Cω,1 and Cω,2 are positive constants and
π0 =
1
2
min
l=1,...,N
min (dist {±k∗l, σbc} , 1) . (3.3)
Remark 3.3 (dispersion relations symmetry) The symmetry condition (2.5) on the dis-
persion relations naturally arise in many physical problems, for example Maxwell equations
in periodic media, see [2]-[4], [6], or when L (k) originates from a Hamiltonian. We would
like to stress that this symmetry conditions are not imposed to simplify studies but rather to
take into account fundamental symmetries of physical media. The symmetry causes resonant
nonlinear interactions, which create non-trivial effects. Interestingly, many problems without
symmetries can be put into the framework with the symmetry by a certain extension, [8].
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Remark 3.4 (band-crossing points) Band-crossing points are discussed in more details
in [2, Section 5.4], [3, Sections 4.1, 4.2]. In particular, generically the set σbc of band-crossing
point is a manifold of the dimension d− 2. Notice also that there is an natural ambiguity in
the definition of a normalized eigenvector gn,ζ (k) of L (k) which is defined up to a complex
number ξ with |ξ| = 1. This ambiguity may not allow an eigenvector gn,ζ (k) which can be
a locally smooth function in k to be a uniquely defined continuous function in k globally for
all k /∈ σbc because of a possibility of branching. But, importantly, the orthogonal projector
Πn,ζ (k) on gn,ζ (k) as defined by (2.9) is uniquely defined and, consequently, infinitely dif-
ferentiable in k via the spectral theory, [36], for all k /∈ σbc. Since we consider Uˆ (k) as an
element of the space L1 and σbc is of zero Lebesgue measure considering k /∈ σbc is sufficient
for us.
We introduce for vectors uˆ ∈ C2J their expansion with respect to the orthonormal
basis{gn,ζ (k)}:
uˆ (k) =
J∑
n=1
∑
ζ=±
uˆn,ζ (k) gn,ζ (k) =
J∑
n=1
∑
ζ=±
uˆn,ζ (k) , uˆn,ζ (k) = Πn,ζ (k) uˆ (k) (3.4)
and we refer to it as the modal decomposition of uˆ (k) and to uˆn,ζ (k) as the modal coefficients
of uˆ (k). Evidently
∑j
n=1
∑
ζ=±
Πn,ζ (k) = I2J , where I2J is the 2J × 2J identity matrix. (3.5)
Notice that we can define the action of the operator L (−i∇r) on any Schwartz function Y (r)
by the formula
̂L (−i∇r)Y (k) = L (k) Yˆ (k) , (3.6)
where in view of the polynomial bound (3.1) the order of L does not exceed p. In a special
case when all the entries of L (k) are polynomials (3.6) turns into the action of the differential
operator with constant coefficients.
3.2 Nonlinear part
The nonlinear term Fˆ in (2.1) is assumed to be a general functional polynomial of the form
Fˆ
(
Uˆ
)
=
∑
m∈MF
Fˆ (m)
(
Uˆm
)
, where Fˆ (m) is m-homogeneous polylinear operator, (3.7)
MF = {m1, . . . , mp} ⊂ {2, 3, . . .} is a finite set, and mF = max {m : m ∈MF} . (3.8)
The integer mF in (3.8) is called the degree of the functional polynomial Fˆ . For instance, if
MF = {2} or MF = {3} the polynomial Fˆ is respectively homogeneous quadratic or cubic.
24
Every m-linear operator Fˆ (m) in (3.7) is assumed to be of the form of a convolution
Fˆ (m)
(
Uˆ1, . . . , Uˆm
)
(k, τ) =
∫
Dm
χ(m)
(
k, ~k
)
Uˆ1 (k
′) . . . Uˆm
(
k(m)
(
k, ~k
))
d˜(m−1)d~k, (3.9)
where Dm = R
(m−1)d, d˜(m−1)d~k =
dk′ . . . dk(m−1)
(2π)(m−1)d
,
k(m)
(
k, ~k
)
= k− k′ − . . .− k(m−1), ~k =
(
k′, . . . ,k(m)
)
. (3.10)
indicating that the nonlinear operator F (m) (U1, . . . ,Um) is translation invariant (it may be
local or non-local). The quantities χ(m) in (3.9) are called susceptibilities. For numerous
examples of nonlinearities of the form similar to (3.7), (3.9) see [2]-[8] and references therein.
In what follows the nonlinear term Fˆ in (2.1) will satisfy the following conditions.
Condition 3.5 (nonlinearity) The nonlinearity Fˆ
(
Uˆ
)
is assumed to be of the form (3.7)-
(3.9). The susceptibility χ(m)
(
k,k′, . . . ,k(m)
)
is infinitely differentiable for all k and k(j)
which are not band-crossing points, and is bounded, namely for some constant Cχ∥∥χ(m)∥∥ = (2π)−(m−1)d sup
k,k′,...,k(m)∈Rd\σbc
∣∣χ(m) (k,k′, . . . ,k(m))∣∣ ≤ Cχ, m ∈MF , (3.11)
where the norm
∣∣∣χ(m) (k, ~k)∣∣∣ of m-linear tensor χ(m) : (C2J)m → (C2J)m for fixed k, ~k is
defined by∣∣∣χ(m) (k, ~k)∣∣∣ = sup
|xj |≤1
∣∣∣χ(m) (k, ~k) (x1, . . . ,xm)∣∣∣ , where |x| is the Euclidean norm. (3.12)
Since χ
(m)
ζ,~ζ
(
k,k′, . . . ,k(m)
)
are smooth if k /∈ σbc the following relation holds:
max
|k±k∗l|≤π0, l=1,...,N
∣∣∣∇χ(m)
ζ,~ζ
(
k,k′, . . . ,k(m)
)∣∣∣ ≤ C ′χ (3.13)
if k∗l /∈ σbc, π0 is defined by (3.3). The case when χ
(m)
(
k, ~k
)
depend on small ̺ or, more
generally, on ̺q, q > 0, can be treated similarly, see [8].
3.3 Resonance invariant nk-spectrum
In this section, being given the dispersion relations ωn (k) ≥ 0, n ∈ {1, . . . , J}, we con-
sider resonance properties of nk-spectra S and the corresponding k-spectra KS as defined in
Definition 2.7, i.e.
S = {(nl,k∗l) , l = 1, . . . , N} ⊂ Σ = {1, . . . , J} × R
d, KS = {k∗l , l = 1, . . . , |KS|} . (3.14)
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We precede the formal description of the resonance invariance (see Definition 3.8) with the
following guiding physical picture. Initially at τ = 0 the wave is a multi-wavepacket composed
of modes from a small vicinity of the nk-spectrum S. As the wave evolves according to (2.1)
the polynomial nonlinearity inevitably involves a larger set of modes [S]out ⊇ S, but not
all modes in [S]out are ”equal” in developing significant amplitudes. The qualitative picture
is that whenever certain interaction phase function (see (4.23) below) is not zero, the fast
time oscillations weaken effective nonlinear mode interaction and the energy transfer from
the original modes in S to relevant modes from [S]out, keeping their magnitudes vanishingly
small as β, ̺→ 0. There is a smaller set of modes [S]resout which can interact with modes from
S rather effectively and develop significant amplitudes. Now,
if [S]resout ⊆ S then S is called resonance invariant. (3.15)
In simpler situations the resonance invariance conditions turns into the well-known in non-
linear optics phase and frequency matching conditions. For instance, if S contains (n0,k∗l0)
and the dispersion relations allow for the second harmonic generation in another band n1 so
that 2ωn0 (k∗l0) = ωn1 (2k∗l0), then for S to be resonance invariant it must contain (n1, 2k∗l0)
too.
Let us turn now to the rigorous constructions. First we introduce necessary notations. Let
m ≥ 2 be an integer, ~l = (l1, .., lm), lj ∈ {1, . . . , N} be an integer vector from {1, . . . , N}
m and
~ζ =
(
ζ(1), , .., ζ(m)
)
, ζ(j) ∈ {+1,−1} be a binary vector from {+1,−1}m. Note that a pair(
~ζ,~l
)
naturally labels a sample string of the length m composed of elements
(
ζ(j), nlj ,k∗lj
)
from the set {+1,−1} × S. Let us introduce the sets
Λ = {(ζ, l) : l ∈ {1, . . . , N} , ζ ∈ {+1,−1}} , (3.16)
Λm =
{
~λ = (λ1, . . . , λm) , λj ∈ Λ, j = 1, . . . , m
}
.
There is a natural one-to-one correspondence between Λm and {−1, 1}m ×{1, . . . , N}m and
we will write, exploiting this correspondence
~λ =
(
(ζ ′, l1) , . . . ,
(
ζ(m), lm
))
=
(
~ζ,~l
)
, ~ϑ ∈ {−1, 1}m , ~l ∈ {1, . . . , N}m for ~λ ∈ Λm. (3.17)
Let us introduce the following linear combination
κm
(
~λ
)
= κm
(
~ζ,~l
)
=
∑m
j=1
ζ(j)k∗lj with ζ
(j) ∈ {+1,−1} , (3.18)
and let [S]K,out be the set of all its values as k∗lj ∈ KS,
~λ ∈ Λm, namely
[S]K,out =
⋃
m∈MF
⋃
~λ∈Λm
{
κm
(
~λ
)}
. (3.19)
We call [S]K,out output k-spectrum of KS and assume that
[S]K,out
⋂
σbc = ∅. (3.20)
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We also define the output nk-spectrum of S by
[S]out =
{
(n,k) ∈ {1, . . . , J} × Rd : n ∈ {1, . . . , J} , k ∈ [S]K,out
}
. (3.21)
We introduce the following functions
Ω1,m
(
~λ
)(
~k∗
)
=
∑m
j=1
ζ(j)ωlj
(
k∗lj
)
, ~k∗ =
(
k∗1, . . . ,k∗|KS |
)
, where k∗lj ∈ KS, (3.22)
Ω
(
ζ, n, ~λ
)(
k∗∗, ~k∗
)
= −ζωn (k∗∗) + Ω1,m
(
~λ
)(
~k∗
)
, (3.23)
where ζ = ±1, m ∈ MF as in (3.7). We introduce these functions to apply later to phase
functions (4.23).
Now we introduce the resonance equation
Ω
(
ζ, n, ~λ
)(
ζκm
(
~λ
)
, ~k∗
)
= 0, ~l ∈ {1, . . . , N}m , ~ζ ∈ {−1, 1}m , (3.24)
denoting by P (S) the set of its solutions
(
m, ζ, n, ~λ
)
. Such a solution is called S-internal if
(
n, ζκm
(
~λ
))
∈ S, that is n = nl0 , ζκm
(
~λ
)
= k∗l0 , l0 ∈ {1, . . . , N} , (3.25)
and we denote the corresponding l0 = I
(
~λ
)
. We also denote by Pint (S) ⊂ P (S) the set of
all S-internal solutions to (3.24).
Now we consider the simplest solutions to (3.24) which play an important role. Keeping
in mind that the string ~l can contain several copies of a single value l, we can recast the sum
in (3.22) as follows:
Ω1,m
(
~λ
)
= Ω1,m
(
~ζ,~l
)
=
∑N
l=1
δlωl (k∗l) , where δl =
{ ∑
j∈~l−1(l) ζ
(j) if ~l−1 (l) 6= ∅
0 if ~l−1 (l) = ∅
,
(3.26)
~l−1 (l) = {j ∈ {1, . . . , m} : lj = l, } , ~l = (l1, . . . , lm) , 1 ≤ l ≤ N.
Definition 3.6 (universal solutions) We call a solution
(
m, ζ, n, ~λ
)
∈ P (S) of (3.24)
universal if it has the following properties: (i) only a single coefficient out of all δl in (3.26)
is nonzero, namely for some I0 we have δI0 = ±1 and δl = 0 for l 6= I0; (ii) n = nI0 and
ζ = δI0.
We denote the set of universal solutions to (3.24) by Puniv (S). A justification for calling
such solution universal comes from the fact that if a solution is a universal solution solution
for one ~k∗ it is a solution for any other ~k∗ ∈ R
d. Note that a universal solution is a S-internal
solution with I
(
~λ
)
= I0 implying
Puniv (S) ⊆ Pint (S) . (3.27)
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Indeed, observe that for δl as in (3.26
κm
(
~λ
)
= κm
(
~ζ,~l
)
=
∑m
j=1
ζ(j)k∗lj =
∑N
l=1
δlk∗l (3.28)
implying κm
(
~λ
)
= δI0k∗I0 and ζκm
(
~λ
)
= δ2I0k∗I0 = k∗I0. Then equation (3.24) is obviously
satisfied and
(
n, ζκm
(
~λ
))
= (nI0 ,k∗I0) ∈ S.
Example 3.7 (universal solutions) Suppose there is just a single band, i.e. J = 1, a
symmetric dispersion relation ω1 (−k) = ω1 (k), a cubic nonlinearity F with MF = {3}.
We take the nk-spectrum S = {(1,k∗) , (1,−k∗)}, that is N = 2 and k∗1 = k∗,k∗2 =
−k∗. This example is typical for two counterpropagating waves. Then Ω1,3
(
~λ
)(
~k∗
)
=∑3
j=1 ζ
(j)ωlj
(
k∗lj
)
= (δ1 + δ2)ω1 (k∗) and κm
(
~λ
)
=
∑m
j=1 ζ
(j)k∗lj = δ1k∗1 + δ2k∗2 =
(δ1 − δ2)k∗ where we use notation (3.26). The universal solution set has the form Puniv (S) ={(
3, ζ, 1, ~λ
)
: ~λ ∈ Λζ , ζ = ±
}
where Λ+ consists of vectors (λ1, λ2, λ3) of the form ((+, 1) , (−, 1) , (+, 1)) ,
((+, 1) , (−, 1) , (+, 2)) , ((+, 2) , (−, 2) , (+, 1)), ((+, 2) , (−, 2) , (+, 2)), and vectors obtained
from the listed ones by permutations of coordinates λ1, λ2, λ3. The solutions from Pint (S) have
to satisfy |δ1 − δ2| = 1 and |δ1 + δ2| = 1 which is possible only if δ1δ2 = 0. Since ζ = δ1 + δ2
we have ζκm
(
~λ
)
=
(
δ21 − δ
2
2
)
k∗ and ζκm
(
~λ
)
= k∗1 if |δ1| = 1 or ζκm
(
~λ
)
= k∗2 if |δ2| = 1.
Hence Pint (S) = Puniv (S) in this case. Note that if we set S1 = {(1,k∗)}, S2 = {(1,−k∗)}
then S = S1 ∪ S2 but Pint (S) is larger than Pint (S1) ∪ Pint (S2). This can be interpreted as
follows. When only modes from S1 are excited, the modes from S2 remain non-excited. But
when the both S1 and S2 are excited, there is a resonance effect of S1 onto S2, represented,
for example, by ~λ = ((+, 1) , (−, 1) , (+, 2)), which involves the mode ζκm
(
~λ
)
= k∗2.
Now we are ready to define resonance invariant spectra. First, we introduce a subset
[S]resout of [S]out by the formula
[S]resout =
{
(n,k∗∗) ∈ [S]out : k∗∗ = ζ
(0)
κm
(
~λ
)
, m ∈MF , where (3.29)(
m, ζ, n, ~λ
)
is a solution of (3.24)
}
,
calling it resonant output spectrum of S, and then we define
resonance selection operation R (S) = S ∪ [S]resout . (3.30)
Definition 3.8 (resonance invariant nk-spectrum) The nk-spectrum S is called reso-
nance invariant if R (S) = S or, equivalently, [S]res
out
⊆ S. The nk-spectrum S is called
universally resonance invariant if R (S) = S and Puniv (S) = Pint (S).
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Obviously, nk-spectrum S is resonance invariant if and only if all solutions of (3.24) are
internal, that is Pint (S) = P (S).
It is worth noticing that even when a nk-spectrum is not resonance invariant often it can
be easily extended to a resonance invariant one. Namely, if Rj (S) ∩ σbc = ∅ for all j then
the set
R∞ (S) =
⋃∞
j=1
Rj (S) ⊂ Σ = {1, . . . , J} × Rd
is resonance invariant. In addition to that, R∞ (S) is always at most countable. Usually it is
finite i.e. R∞ (S) = Rp (S) for a finite p, see examples below; also R∞ (S) = S for generic
KS.
Example 3.9 (resonance invariant nk-spectra for quadratic nonlinearity) Suppose
there is a single band, i.e. J = 1, with a symmetric dispersion relation, and a quadratic non-
linearity F , that is MF = {2}. Let us assume that k∗ 6= 0, k∗, 2k∗, 0 are not band-crossing
points and look at two examples. First, suppose that 2ω1 (k∗) 6= ω1 (2k∗) (no second har-
monic generation) and ω1 (0) 6= 0. Let us set the nk-spectrum to be the set S1 = {(1,k∗)},
then S1 is resonance invariant. Indeed, KS1 = {k∗}, [S1]K,out = {0, 2k∗,−2k∗}, [S1]out =
{(1, 0) , (1, 2k∗) , (1,−2k∗)} and an elementary examination shows that [S1]
res
out
= ∅ ⊂ S1 im-
plying R (S1) = S1. For the second example let us assume ω1 (0) 6= 0 and 2ω1 (k∗) = ω1 (2k∗),
that is the second harmonic generation is present. Here [S1]
res
out
= {(1, 2k∗)} and R (S1) =
{(1,k∗) , (1, 2k∗)} implying R (S1) 6= S1 and, hence, S1 is not resonance invariant. Suppose
now that 4k∗, 3k∗ /∈ σbc and ω1 (0) 6= 0, ω1 (4k∗) 6= 2ω1 (2k∗), ω1 (3k∗) 6= ω1 (k∗) + ω1 (2k∗)
and let us set S2 = {(1,k∗) , (1, 2k∗)}. An elementary examination shows that S2 is resonance
invariant. Note that S2 can be obtained by iterating the resonance selection operator, namely
S2 = R (R (S1)). Note also that Puniv (S2) 6= Pint (S2). Notice that ω1 (0) = 0 is a special
case since k = 0 is a band-crossing point, and it requires a special treatment.
Example 3.10 (resonance invariant nk-spectra for cubic nonlinearity) Let us con-
sider one-band case with symmetric dispersion relation and a cubic nonlinearity that is
MF = {3}. First we take S1 = {(1,k∗)}, we assume that k∗, 3k∗ are not band-crossing points,
implying [S1]K,out = {k∗,−k∗, 3k∗,−3k∗}. We have Ω1,3
(
~λ
)(
~k∗
)
=
∑3
j=1 ζ
(j)ω1 (k∗) =
δ1ω1 (k∗) and κm
(
~λ
)
= δ1k∗ where we use notation (3.26), δ1 takes values 1,−1, 3,−3.
If 3ω1 (k∗) 6= ω1 (3k∗) then (3.24) has a solution only if |δ1| = 1 and δ1 = ζ, hence
ζκm
(
~λ
)
= k∗ and every solution is internal. Hence, [S1]
res
out
= ∅ and R (S1) = S1. Now
consider the case associated with the third harmonic generation, namely 3ω1 (k∗) = ω1 (3k∗)
and assume that ω1 (3k∗) + 2ω1 (k∗) 6= ω1 (5k∗), 3ω1 (3k∗) 6= ω1 (9k∗), 2ω1 (3k∗) + ω1 (k∗) 6=
ω1 (7k∗), 2ω1 (3k∗) − ω1 (k∗) 6= ω1 (5k∗). An elementary examination shows that the set
S4 = {(1, 3k∗) , (1,k∗) , (1,−k∗) (1,−3k∗)} satisfies R (S4) = S4. Consequently, a multi-
wavepacket having S4 as its resonance invariant nk-spectrum involves the third harmonic
generation and, according to Theorem 2.8, it is preserved under nonlinear evolution. The
above examples indicate that in simple cases the conditions on k∗ which can make S non-
invariant with respect to R have a form of several algebraic equations, Hence, for almost
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all k∗ such spectra S are resonance invariant. The examples also show that if we fix S and
dispersion relations then we can include S in larger spectrum S ′ = Rp (S) using repeated
application of the operation R to S, and often the resulting extended nk-spectrum S ′ is res-
onance invariant. We show in the following section that nk-spectrum S with generic KS is
universally resonance invariant.
Note that the concept of resonance invariant nk-spectrum gives a mathematical descrip-
tion of such fundamental concepts of nonlinear optics as phase matching, frequency match-
ing, four wave interaction in cubic media and three wave interaction in quadratic media. If
a multi-wavepacket has a resonance invariant spectrum, all these phenomena may take place
in the internal dynamics of the multi-wavepacket, but do not lead to resonant interactions
with continuum of all remaining modes.
3.4 Genericity of the nk-spectrum invariance condition
In simpler situations, when the number of bands J and wavepackets N are not too large, the
resonance invariance of nk- spectrum can be easily verified as above in Examples 3.9, 3.10,
but what one can say if J or N are large, or if the dispersion relations are not explicitly given?
We show below that in properly defined non-degenerate cases a small variation of KS makes
S universally resonance invariant, i.e. the resonance invariance is a generic phenomenon..
Assume that the dispersion relations ωn (k) ≥ 0, n ∈ {1, . . . , J} are given. Observe then
that Ωm
(
ζ, n, ~λ
)
= Ωm
(
ζ, n, ~λ
) (
k∗1, . . . ,k∗|KS |
)
defined by (3.23) is a continuous function
of k∗l /∈ σbc for every m, ζ, n, ~λ.
Definition 3.11 (ω-degenerate dispersion relations) We call dispersion relations ωn (k),
n = 1,. . . , J , ω-degenerate if there exists such a point k∗ ∈ R
d \σbc that for all k in a neigh-
borhood of k∗ at least one of the following four conditions holds: (i) the relations are linearly
dependent, namely
∑J
n=0Cnωn (k) = c0, where all Cn are integers, one of which is nonzero,
and the c0 is a constant; (ii) at least one of ωn (k) is a linear function; (iii) at least one of
ωn (k) satisfies equation Cωn (k) = ωn (Ck) with some n and integer C 6= ±1; (iv) at least
one of ωn (k) satisfies equation ωn (k) = ωn′ (−k) where n
′ 6= n.
Note that fulfillment of any of the four conditions in Definition 3.11 makes impossible
turning some non resonance invariant sets into resonance invariant ones by a variation of k∗l.
For instance, if MF = {2} as in Example 3.9 and 2ω1 (k) = ω1 (2k) for all k in an open
set G then the set {(1,k∗)} with k∗ ∈ G cannot be made resonance invariant by a small
variation of k∗. Below we formulate two theorems which show that if dispersion relations
are not ω-degenerate, then a small variation of k∗l turns non resonance invariant sets into
resonance invariant; the proofs of the theorems are given in [8]
Theorem 3.12 If Ωm
(
ζ, n0, ~λ
)(
k′∗1, . . . ,k
′
∗|KS |
)
= 0 on a cylinder G in
(
Rd \ σbc
)|KS |
which is a product of small balls Gi ⊂
(
Rd \ σbc
)
then either
(
m, ζ, n0, ~λ
)
∈ Puniv (S) or
dispersive relations ωn (k) are ω-degenerate as in Definition 3.11.
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Theorem 3.13 (genericity of resonance invariance) Assume that dispersive relations
ωn (k) are continuous and not ω-degenerate as in Definition 3.11. Let Krinv be a set of
points
(
k∗1, . . . ,k∗|KS |
)
such that there exists a universally resonance invariant nk-spectrum
S for which its k-spectrum KS =
{
k∗1, . . . ,k∗|KS |
}
. Then Krinv is open and everywhere dense
set in
(
Rd \ σbc
)|KS |.
4 Integrated evolution equation
Using the variation of constants formula we recast the modal evolution equation (2.1) into
the following equivalent integral form
Uˆ (k, τ ) =
∫ τ
0
e
−i(τ−τ ′)
̺
L(k)Fˆ
(
Uˆ
)
(k, τ ) dτ ′ + e
−iζτ
̺
L(k)hˆ (k) , τ ≥ 0. (4.1)
Then we factor Uˆ (k, τ) into the slow variable uˆ (k, τ ) and the fast oscillatory term as in
(2.12), namely
Uˆ (k, τ) = e−
iτ
̺
L(k)uˆ (k, τ ) , Uˆn,ζ (k, τ) = uˆn,ζ (k, τ) e
− iτ
̺
ζωn(k), (4.2)
where uˆn,ζ (k, τ ) are the modal components of uˆ (k, τ ) as in (3.4). Notice that uˆn,ζ (k, τ ) in
(4.2) may depend on ̺ and (4.2) is just a change of variables and not an assumption.
Remark 4.1 Note that if uˆn,ζ (k, τ) is a wavepacket, it is localized near its principal wavevec-
tor k∗. The expansion of ζωn (k) near the principal wavevector ζk∗ (we take ζ = 1 for brevity)
takes the form
ωn (k) = ω (k∗) +∇kωn (k∗) (k− k∗) +
1
2
∇2kω (k∗) (k− k∗)
2 + . . .
To discuss the impact of the change of variables (4.2) we make the change of variables k−k∗ =
ξ . The change of variables (4.2)
Uˆn,+ (k, τ) = uˆn,+ (k, τ) e
− iτ
̺
ωn(k) (4.3)
= uˆn,ζ (k, τ) e
− iτ
̺
ωn(k∗)e−
iτ
̺
∇kωn(k∗)(k−k∗)e−
iτ
̺ (
1
2
∇2kωn(k∗)(k−k∗)
2+...)
= uˆn,+ (k∗ + ξ, τ ) e
− iτ
̺
ζωn(k∗)e−
iτ
̺
∇kωn(k∗)ξe−
iτ
̺
R(ξ)
R (ξ) = ωn (k)− ωn (k∗)−∇kωn (k∗) (k− k∗) =
1
2
∇2kωn (k∗) (ξ)
2 + . . . (4.4)
has the first factor e−
iτ
̺
ωn(k∗) responsible for fast time oscillations of Uˆn,ζ (k, τ) andUn,ζ (r, τ)
The second factor e−
iτ
̺
∇kωn(k∗)ξ is responsible for the spatial shifts of the inverse Fourier trans-
form by τ
̺
∇kωn (k∗) , since the shifts are time dependent they cause the rectilinear movement
of the wavepacket Un,ζ (r, τ) with the group velocity
1
̺
∇kωn (k∗), the third factor is responsible
31
for dispersive effects. Hence the change of variables (4.2) effectively introduces the moving
coordinate frame for Uˆn,ζ (k, τ ) for every k and in this coordinate frame uˆn,ζ (k, τ ) has zero
group velocity and does not have high-frequency time oscillations. The following proposition
shows that if uˆn,ζ (k, τ ) is a wavepacket with a constant position, Uˆn,+ (k, τ) is a particle
wavepacket in the sense of Definition with position which moves with a constant velocity.
Proposition 4.2 Let uˆl (k, τ) be for every τ ∈ [0, τ ∗] a particle wavepacket in the sense of
Definition 2.2 with nk-pair (n,k∗) regularity s and position r∗ ∈ R
d which does not depend on
τ , assume also that and constants C1 in (2.33) and C,C
′ in (2.27) and (2.30) do not depend
on τ . Let Uˆl (k, τ ) be defined in terms of uˆl (k, τ) by (4.2). Assume that (2.48) holds. Then
Uˆl (k, τ) for every τ ∈ [0, τ ∗] a particle wavepacket in the sense of Definition 2.2 with nk-pair
(n,k∗) regularity s and with τ -dependent position r∗ +
τ
̺
∇kωn (k∗) ∈ R
d.
Proof. The wavepacket uˆl (k, τ ) involves two components uˆn,ζ (k, τ), ζ = ±1 for which
(2.29) holds
uˆn,ζ (k, τ) = Ψ
(
β1−ǫ/2, ζk∗;k
)
Πn,ζ (k) uˆn,ζ (k, τ ) , (4.5)
By (4.2)
Uˆn,ζ (k, τ ) = uˆn,ζ (k, τ) e
− iτ
̺
ζωn(k).
According to Definition (2.1) multiplication by a scalar bounded continuous function e−
iτ
̺
ζωn(k)
may only change a constant C ′ in (2.30), therefore it transforms wavepackets into wavepack-
ets. To check that Uˆl (k, τ) is a particle-like wavepacket we consider (2.33) with hˆζ (β, r∗;k)
replaced by uˆn,ζ (k, τ) e
− iτ
̺
ζωn(k) and r∗ replaced by r∗+
τ
̺
∇kωn (k∗). We consider for brevity
uˆn (k, τ) = uˆn,ζ (k, τ ) with ζ = 1,the case ζ = −1 is similar.∫
Rd
∣∣∣∇k (ei(r∗+ τ̺∇kωn(k∗))kuˆn (k, τ ) e− iτ̺ ωn(k))∣∣∣ dk =∫
Rd
∣∣∣∇k (ei(r∗+ τ̺∇kωn(k∗))kuˆn (k, τ) e− iτ̺ ωn(k)e iτ̺ ωn(k∗))∣∣∣ dk
=
∫
Rd
∣∣∣∇k (eir∗kuˆn (k, τ ) e− iτ̺ R(k−k∗))∣∣∣ dk ≤ I1 + I2
where where R (ξ) is defined by (4.4),
I1 =
∫
Rd
∣∣∣e− iτ̺ R(k−k∗)∇k (eir∗kuˆn (k, τ))∣∣∣ dk,
I2 =
∫
Rd
∣∣∣(eir∗kuˆn (k, τ ))∇ke− iτ̺ R(k−k∗)∣∣∣ dk.
The integral I1 is bounded uniformly in r∗ by C
′
1β
−1−ǫ since uˆn,ζ (k, τ ) satisfies (2.33). Note
that
I2 =
∫
Rd
∣∣∣(eir∗kuˆn (k, τ))∇ke− iτ̺ R(k−k∗)∣∣∣ dk ≤∫
Rd
|uˆn (k, τ)|
τ
̺
|∇kR (k− k∗)| dk
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Note that according to (4.5) and (2.25) uˆn,ζ (k, τ ) 6= 0 only if |k− k∗| ≤ 2β
1−ǫ, and for such
k− k∗ we have Taylor remainder estimate
|∇kR (k− k∗)| ≤ Cβ
1−ǫ.
Therefore I2 ≤ C
′β1−ǫ/̺ and
I1 + I2 ≤ C
′β1−ǫ/̺
Using (2.48) we conclude that this inequality implies (2.33) for Uˆl (k, τ), therefore it is a
particle-like wavepacket.
From (4.1) and (4.2) we obtain the following integrated evolution equation for uˆ = uˆ (k, τ),
τ ≥ 0,
uˆ (k, τ) = F (uˆ) (k, τ) + hˆ (k) , F (uˆ) =
∑
m∈MF
F (m) (uˆm (k, τ)) , (4.6)
F (m) (uˆm) (k, τ ) =
∫ τ
0
e
iτ ′
̺
L(k)Fˆm
((
e
−iτ ′
̺
L(·)uˆ
)m)
(k, τ ′) dτ ′, (4.7)
where Fˆm are defined by (3.7) and (3.9) in terms of the susceptibilities χ
(m), and F (m) are
bounded as in the following lemma.
Recall that spaces L1,a are defined by the formula (2.17). Below we formulate basic
properties of the spaces. Recall Young’s inequality
‖uˆ ∗ vˆ‖L1 ≤ ‖uˆ‖L1 ‖vˆ‖L1 . (4.8)
This inequality implies boundedness of convolution in L1,a, namely the following Lemma
holds.
Lemma 4.3 Let Hˆ1, Hˆ2 ∈ L
1,a be two scalar functions, a ≥ 0. Let
Hˆ3 (k) =
∫
Rd
Hˆ1 (k− k
′) Hˆ2 (k
′) dk′.
Then ∥∥∥Hˆ3 (k)∥∥∥
L1,a
≤
∥∥∥Hˆ1 (k)∥∥∥
L1,a
∥∥∥Hˆ1 (k)∥∥∥
L1,a
. (4.9)
Proof. We have
(1 + |k|)a
∣∣∣Hˆ3 (k)∣∣∣ ≤
sup
k′,k′′
(1 + |k′ + k′′|)a
(1 + |k′|)a (1 + |k′′|)a
∫
Rd
(1 + |k− k′|)
a
∣∣∣Hˆ1 (k− k′)∣∣∣ (1 + |k′|)a ∣∣∣Hˆ2 (k′)∣∣∣ dk′.
Obviously,
1 + |k′ + k′′|
(1 + |k′|) (1 + |k′′|)
≤
(1 + |k′|+ |k′′|)
(1 + |k′|) (1 + |k′′|)
≤ 1.
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Applying Young’s inequality (4.8) we obtain∫
Rd
(1 + |k|)a
∣∣∣Hˆ3 (k)∣∣∣ dk ≤
∫
Rd
(1 + |k′|)
∣∣∣Hˆ1 (k′)∣∣∣dk′
∫
Rd
(1 + |k′′|)
∣∣∣Hˆ2 (k′′)∣∣∣ dk′′
Using (2.18) we obtain(4.9).
Using Lemma 4.3 we derive boundedness of integral operators F (m).
Lemma 4.4 (boundness of multilinear operators) Operator F (m) defined by (3.9), (4.7)
is bounded from Ea = C ([0, τ ∗] , L
1,a) into C1 ([0, τ ∗] , L
1,a), a ≥ 0 and
∥∥F (m) (uˆ1 . . . uˆm)∥∥Ea ≤ τ ∗ ∥∥χ(m)∥∥∏mj=1 ‖uˆj‖Ea , (4.10)∥∥∂τF (m) (uˆ1 . . . uˆm)∥∥Ea ≤ ∥∥χ(m)∥∥∏j ‖uˆj‖Ea . (4.11)
Proof. Notice that since L (k) is Hermitian,
∥∥∥exp{−iL (k) τ1̺ }∥∥∥ = 1. Using the inequal-
ity (4.9) together with (3.9), (4.7) we obtain
∥∥F (m) (uˆ1 . . . uˆm) (·, τ )∥∥L1,a ≤ sup
k,~k
∣∣∣χ(m) (k, ~k)∣∣∣
∫
Rd
∫ τ
0
∫
Dm
∣∣(1 + |k′|)a uˆ1 (k′)∣∣ . . . ∣∣∣(1 + ∣∣k(m)∣∣)a uˆm (k(m) (k, ~k))∣∣∣ dk′ . . . dk(m−1)dτ 1dk ≤
∥∥χ(m)∥∥ ∫ τ
0
‖uˆ1 (τ 1)‖L1,a . . . ‖uˆm (τ 1)‖L1,a dτ 1 ≤ τ ∗
∥∥χ(m)∥∥ ‖uˆ1‖Ea . . . ‖uˆm‖Ea .
proving (4.10). A similar estimate produces we prove (4.11).
The equation (4.6) can be recast as the following abstract equation in a Banach space
uˆ = F (uˆ) + hˆ, uˆ, hˆ ∈ Ea, (4.12)
and it readily follows from Lemma 4.4 that F (uˆ) has the following properties.
Lemma 4.5 The operator F (uˆ) defined by (4.6)-(4.7) satisfies the Lipschitz condition
‖F (uˆ1)−F (uˆ2)‖Ea ≤ τ ∗CF ‖uˆ1 − uˆ2‖Ea (4.13)
where CF ≤ Cχm
2
F (4R)
mF−1 if ‖uˆ1‖Ea , ‖uˆ2‖Ea ≤ 2R, with Cχ as in (3.11).
We also will use the following form of the contraction principle.
Lemma 4.6 (contraction principle) Consider equation
x = F (x) + h, x,h ∈ B, (4.14)
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where B is a Banach space, F is an operator in B. Suppose that for some constants R0 > 0
and 0 < q < 1 we have
‖h‖ ≤ R0, ‖F (x)‖ ≤ R0 if ‖x‖ ≤ 2R0, (4.15)
‖F (x1)− F (x2)‖ ≤ q ‖x1 − x2‖ if ‖x1‖ , ‖x2‖ ≤ 2R0. (4.16)
Then there exists a unique solution x to the equation (4.14) such that ‖x‖ ≤ 2R0. Let
‖h1‖ , ‖h2‖ ≤ R0 then the two corresponding solutions x1,x2 satisfy
‖x1‖ , ‖x2‖ ≤ 2R0, ‖x1 − x2‖ ≤ (1− q)
−1 ‖h1 − h2‖ . (4.17)
Let x1,x2 be the two solutions of correspondingly two equations of the form (4.14) with F1,
h1 and F2, h2. Assume that that F1 (u) satisfies (4.15), (4.16) with a Lipschitz constant
q < 1 and that ‖F1 (x)−F2 (x)‖ ≤ δ for ‖x‖ ≤ 2R0. Then
‖x1 − x2‖ ≤ (1− q)
−1 (δ + ‖h1 − h2‖) . (4.18)
Lemma 4.5 and the contraction principle as in Lemma 4.6 imply the following existence
and uniqueness theorem.
Theorem 4.7 Let
∥∥∥hˆ∥∥∥
Ea
≤ R, let τ ∗ < 1/CF where CF is a constant from Lemma 4.5.
Then equation (4.6) has a solution uˆ ∈ Ea = C ([0, τ ∗] , L
1,a) which satisfies ‖uˆ‖Ea ≤ 2R,
and such a solution is unique. Hence the solution operator uˆ = G
(
hˆ
)
is defined on the ball∥∥∥hˆ∥∥∥
Ea
≤ R.
The following existence and uniqueness theorem follows from Theorem 4.7.
Theorem 4.8 Let a ≥ 0, (2.1) satisfy (3.11) and hˆ ∈ L1,a
(
Rd
)
,
∥∥∥hˆ∥∥∥
L1,a
≤ R. Then
there exists a unique solution uˆ to the modal evolution equation (2.1) in the functional space
C1 ([0, τ ∗] , L
1,a), ‖uˆ‖Ea + ‖∂τ uˆ‖Ea ≤ R1 (R). The number τ ∗ depends on R and Cχ.
Using the inequality (2.20) and applying the inverse Fourier transform we readily obtain
the existence of an F−solution of (1.1) in C1
(
[0, τ ∗] , L
∞
(
Rd
))
from the existence of the
solution of equation (2.1) in C1 ([0, τ ∗] , L
1). The existence of F -solutions with [a] bounded
spatial derivatives ([a] being an integer part of a) follows from solvability in C1 ([0, τ∗] , L
1,a).
Let us recast now the system (4.6)-(4.7) into modal components using the projections
Πn,ζ (k) as in (2.9). The first step to introduce modal susceptibilities χ
(m)
n,ζ,~ξ
having one-
dimensional range in C2J and vanishing if one of its arguments uˆj belongs to a (2J − 1)-
dimensional linear subspace in C2J (j-th null-space of χ
(m)
n,ζ,~ξ
) as follows.
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Definition 4.9 (elementary susceptibilities) Let
~ξ =
(
~n,~ζ
)
∈ {1, . . . , J}m × {−1, 1}m = Ξm, (n, ζ) ∈ Ξ (4.19)
and χ(m)
(
k, ~k
) [
uˆ1 (k
′) , . . . , uˆm
(
k(m)
)]
be m-linear symmetric tensor (susceptibility) as in
(3.9). We introduce elementary susceptibilities χ
(m)
n,ζ,~ξ
(
k, ~k
)
:
(
C2J
)m
→ C2J as m-linear
tensors defined for almost all k and ~k =
(
k′, . . . ,k(m)
)
by the following formula
χ
(m)
n,ζ,~ξ
(
k, ~k
) [
uˆ1 (k
′) , . . . , uˆm
(
k(m)
)]
= χ
(m)
n,ζ,~n,~ζ
(
k, ~k
) [
uˆ1 (k
′) , . . . , uˆm
(
k(m)
)]
= (4.20)
Πn,ζ (k)χ
(m)
(
k, ~k
) [(
Πn1,ζ′ (k
′) uˆ1 (k
′) , . . . ,Πnm,ζ(m)
(
k(m)
(
k, ~k
))
uˆm
(
k(m)
))]
.
Then using (3.5) and the elementary susceptibilities (4.20) we get
χ(m)
(
k, ~k
) [
uˆ1 (k
′) , . . . , uˆm
(
k(m)
)]
=
∑
n,ζ
∑
~ξ
χ
(m)
n,ζ,~ξ
(
k, ~k
) [
uˆ1 (k
′) , . . . , uˆm
(
k(m)
)]
.
(4.21)
Consequently the modal components F
(m)
n,ζ,~ξ
of the operators F (m) in (4.7) are m-linear oscil-
latory integral operators defined in terms of the elementary susceptibilities (4.21) as follows.
Definition 4.10 (interaction phase) Using notations from (3.9) we introduce for ~ξ =(
~n,~ζ
)
∈ Ξm operator
F
(m)
n,ζ,~ξ
(uˆ1 . . . uˆm) (k, τ ) =
∫ τ
0
∫
Dm
exp
{
iφn,ζ,~ξ
(
k, ~k
) τ 1
̺
}
(4.22)
χ
(m)
n,ζ,~ξ
(
k, ~k
) [
uˆ1 (k
′, τ 1) , . . . , uˆm
(
k(m)
(
k, ~k
)
, τ 1
)]
d˜(m−1)d~kdτ 1,
with the interaction phase function φ defined by
φn,ζ,~ξ
(
k, ~k
)
= φn,ζ,~n,~ζ
(
k, ~k
)
(4.23)
= ζωn (ζk)− ζ
′ωn1 (ζ
′k′)− . . .− ζ(m)ωnm
(
ζ(m)k(m)
)
, k(m) = k(m)
(
k, ~k
)
where k(m)
(
k, ~k
)
is defined by (3.10).
Using F
(m)
n,ζ,~ξ
in (4.22) we recast F (m) (um) in the system (4.6)-(4.7) as
F (m) [uˆ1 . . . , uˆm] (k, τ) =
∑
n,ζ,~ξ
F
(m)
n,ζ,~ξ
[uˆ1 . . . uˆm] (k, τ) , (4.24)
yielding the following system for the modal components uˆn,ζ (k, τ) as in (2.9)
uˆn,ζ (k, τ) =
∑
m∈MF
∑
~ξ∈Ξm
F
(m)
n,ζ,~ξ
(uˆm) (k, τ ) + hˆn,ζ (k) , (n, ζ) ∈ Ξ. (4.25)
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5 Wavepacket interaction system
The wavepacket preservation property of the nonlinear evolutionary system in any of its
forms (1.1), (2.1), (4.6), (4.12), (4.25) is not easy to see directly. It turns out though that
dynamics of wavepackets is well described by a system in a larger space E2N based on the
original equation (4.6) in the space E. We call it wavepacket interaction system, which is
useful in three ways: (i) the wavepacket preservation is quite easy to see and verify; (ii) it can
be used to prove the wavepacket preservation for the original nonlinear problem; (iii) it can
be used to study more subtle properties of the original problem, such as NLS approximation.
We start with the system (4.6) where hˆ (k) is a multiwavepacket with a given nk-spectrum
S = {(k∗l, nl) , l = 1, . . . , N} as in (2.39) and k-spectrum KS = {k∗i, i = 1, . . . , |KS|} as in
(2.40). Obviously, for any l (k∗l, nl) = (k∗il , nl) with il ≤ |KS| and indexing il = l for
l ≤ |KS| according to (2.40).
When constructing the wavepacket interaction system it is convenient to have relevant
functions to be explicitly localized about the k-spectrumKS of the initial data. We implement
that by making up the following cutoff functions based on (2.24), (2.25)
Ψi,ϑ (k) = Ψ
(
k, ϑk∗i, β
1−ǫ
)
= Ψ
(
β−(1−ǫ) (k− ϑk∗i)
)
, k∗i ∈ KS, i = 1, . . . , |KS| , ϑ = ±
(5.1)
with ǫ as in Definition 2.1 and β > 0 small enough to satisfy
β1/2 ≤ π0, where π0 = π0 (S) <
1
2
min
k∗i∈KS
dist {k∗i, σbc} . (5.2)
In what follows we use notations from (3.16) and
~l = (l1, . . . , lm) ∈ {1, . . . , N}
m , ~ϑ =
(
ϑ′, . . . , ϑ(m)
)
∈ {−1, 1}m , ~λ =
(
~l, ~ϑ
)
∈ Λm, (5.3)
~n = (n1, . . . , nm) ∈ {1, . . . , J}
m , ~ζ ∈ {−1, 1}m , (5.4)
~ξ =
(
~n ,~ζ
)
∈ Ξm , ~k =
(
k′, . . . ,k(m)
)
∈ Rm, where Ξm as in (4.19).
Based on the above we introduce now the wavepacket interaction system
wˆl,ϑ (·) = Ψ (·, ϑk∗il)Πnl,ϑ (·)F
(∑
(l′,ϑ′)∈Λ
wˆl′,ϑ′
)
+Ψ (·, ϑk∗il)Πnl,ϑ (·) hˆ, (l, ϑ) ∈ Λ, (5.5)
w˜ = (wˆ1,+, wˆ1,−, ..., wˆN,+, wˆN,−) ∈ E
2N , wˆl,ϑ ∈ E,
with Ψ (·, ϑk∗i) ,Πn,ϑ being as in (5.1), (2.9), F defined by (4.6), and the norm in E
2N
defined based on (2.15) by the formula
‖w˜‖E2N =
∑
l,ϑ
‖wˆl,ϑ‖E , E = C
(
[0, τ ∗] , L
1
)
. (5.6)
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We also use the following concise form of the wave interaction system (5.5)
w˜ = F
Ψ
(w˜) + h˜
Ψ
, where (5.7)
h˜
Ψ
=
(
Ψi1,+Πn1,+hˆ,Ψi1,−Πn1,−hˆ, . . . ,ΨiN ,+ΠnN ,+hˆ,ΨiN ,−ΠnN ,−hˆ
)
∈ E2N .
The following lemma is analogous to Lemmas 4.4, 4.5.
Lemma 5.1 Polynomial operator FΨ (w˜) is bounded in E
2N , FΨ (0) = 0, and it satisfies
Lipschitz condition
‖FΨ (w˜1)−FΨ (w˜2)‖E2N ≤ Cτ ∗ ‖w˜1 − w˜2‖E2N , (5.8)
where C depends only on Cχ as in (3.11), on the degree of F and on ‖w˜1‖E2N + ‖w˜2‖E2N ,
and it does not depend on β and ̺.
Proof. We consider every operator F
(m)
n,ζ,~ξ
(w˜) defined by (4.22) and prove its boundedness
and the Lipschitz property as in Lemma 4.4 using the inequality
∣∣∣exp{iφn,ζ,~ξ τ1̺ }∣∣∣ ≤ 1 and
inequalities (2.24), (3.11). Note that the integration in τ 1 yields the factor τ ∗ and consequent
summation with respect to n, ζ,~ξ yields (5.8).
Lemma 5.1, the contraction principle as in Lemma 4.6 and estimate (4.11) for the time
derivative yield the following statement.
Theorem 5.2 Let
∥∥∥h˜Ψ∥∥∥
E2N
≤ R. Then there exists τ ∗ > 0 and R1 (R) such that equation
(5.5) has a solution w˜ ∈ E2N which satisfies
‖w˜‖E2N + ‖∂τ w˜‖E2N ≤ R1 (R) (5.9)
and such a solution is unique.
Lemma 5.3 Every function wˆl,ζ (k, τ) corresponding to the solution of (5.7) from E
2N is
a wavepacket with nk-pair (k∗l, nl) with the degree of regularity which can be any s > 0.
Proof. Note that according to (5.1) and (5.7) the function
wˆl,ϑ (k, τ) = Ψ
(
k, ϑk∗il , β
1−ǫ
)
Πnl,ϑF (k, τ) , ‖F (τ)‖L1 ≤ C, 0 ≤ τ ≤ τ ∗
involves the factor Ψl,ϑ (k) = Ψ
(
β−(1−ǫ) (k− ϑk∗l)
)
where ǫ is as in Definition 2.1. Hence,
Πn,ϑ′wˆl,ϑ (k, τ) = 0 if n 6= nl or ϑ
′ 6= ϑ, (5.10)
wˆl,ϑ (k, τ) = Ψ
(
k, ϑk∗il , β
1−ǫ
)
wˆl,ϑ (k, τ) , wˆl,ϑ (k, τ) = 0 if |k− ϑk∗l| ≥ β
1−ǫ, (5.11)
Since
Ψ
(
k, ϑk∗il , β
1−ǫ
)
Ψ
(
k, ϑk∗il , β
1−ǫ/2
)
= Ψ
(
k, ϑk∗il , β
1−ǫ
)
, (5.12)
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Definition 2.1 for wˆl,ϑ is satisfied with Dh = 0 for any s > 0 and C
′ = 0 in (2.30).
Now we would like to show that if hˆ is a multiwavepacket, then the function
wˆ (k, τ ) =
∑
(l,ϑ)∈Λ
wˆl,ϑ (k, τ) =
∑
λ∈Λ
wˆλ (k, τ) (5.13)
constructed based on a solution of (5.7) is an approximate solution of equation (4.12) (see
notation (3.16)). We will follow the lines of [8]. We introduce
Ψ∞ (k) = 1−
∑
ϑ=±
∑|KS |
i=1
Ψ (k, ϑk∗i) = 1−
∑
ϑ=±
∑
k∗i∈KS
Ψ
(
k− ϑk∗i
β1−ǫ
)
. (5.14)
Expanding m-linear operator F (m)
((∑
l,ϑ wˆl,ϑ
)m)
and using notations (3.16), (3.17) we get
F (m)
((∑
l,ϑ
wˆl,ϑ
)m)
=
∑
~λ∈Λm
F (m)
(
w˜~λ
)
, where (5.15)
w˜~λ = wˆλ1 . . . wˆλm ,
~λ = (λ1, . . . , λm) ∈ Λ
m. (5.16)
The next statement shows that (5.13) defines an approximate solution to integrated evolution
equation (4.6).
Theorem 5.4 Let hˆ be a multi-wavepacket with resonance invariant nk-spectrum S with
regularity degree s, w˜ be a solution of (5.7) and wˆ (k, τ ) be defined by (5.13). Let
D (wˆ) = wˆ− F (wˆ)− hˆ. (5.17)
Then there exists β0 > 0 such that we have the estimate
‖D (wˆ)‖E ≤ C̺+ Cβ
s, if 0 < ̺ ≤ 1, β ≤ β0. (5.18)
Proof. Let
F− (wˆ) =
(
1−
∑
l,ϑ
Ψil,ϑΠnl,ϑ
)
F (wˆ) , hˆ− = hˆ−
∑
l,ϑ
Ψil,ϑΠnl,ϑhˆ. (5.19)
Summation of (5.5) with respect to l, ϑ yields
wˆ =
∑
l,ϑ
Ψil,ϑΠnl,ϑF (wˆ) +
∑
l,ϑ
Ψil,ϑΠnl,ϑhˆ.
Hence, from (5.5) and (5.17) we obtain
D (wˆ) = hˆ− − F− (wˆ) . (5.20)
Using (2.28) and (2.30) we consequently obtain∥∥∥Πnl,ϑhˆi∥∥∥
L1
≤ Cβs if nl 6= ni;
∥∥∥Ψil,ϑhˆi∥∥∥
L1
≤ Cβs if k∗il 6= k∗i,
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∥∥∥hˆ−∥∥∥
E
≤ C1β
s. (5.21)
Now, to show (5.18) it is sufficient to prove that∥∥F− (wˆ)∥∥
E
≤ C2̺. (5.22)
Obviously,
F− (wˆ) =
(
1−
∑
l,ϑ
Ψil,ϑΠnl,ϑ
)∑
m
F (m) (wˆm) . (5.23)
Note that ∑
l,ϑ
Ψil,ϑΠnl,ϑ =
∑
ϑ=±
∑
(n,k∗)∈S
Ψ (·, ϑk∗) Πn,ϑ. (5.24)
Using (3.5) and ( 5.14) we consequently obtain∑
ϑ=±
∑
(n,k∗)∈Σ
Ψ (·, ϑk∗) Πn,ϑ +Ψ∞ = 1, (5.25)(
1−
∑
l,ϑ
Ψil,ϑΠnl,ϑ
)
= Ψ∞ +
∑
ϑ=±
∑
(n,k∗)∈Σ\S
Ψ (·, ϑk∗) Πn,ϑ. (5.26)
with Σ defined in (3.14). Let us expand now F (m) (wˆm) using (5.15). According to (5.23)
and (5.26) to prove (5.22) it is sufficient to prove that for every string ~λ ∈ Λm the following
inequalities hold ∥∥Ψ∞Πn,ϑF (m) (w˜~λ)∥∥ ≤ C3̺ for (n, ϑ) ∈ Λ, and (5.27)∥∥Ψ (·, ϑk∗) Πn,ϑF (m) (w˜~λ)∥∥ ≤ C3̺, if (n,k∗) ∈ Σ \ S. (5.28)
We will use (5.10) and (5.11) to obtain the above estimates. According to (4.24)
F (m)
[
w˜~λ
]
(k, τ ) =
∑
n,ζ
∑
~ξ
F
(m)
n,ζ,~ξ
[wˆλ1 . . . wˆλm ] (k, τ ) . (5.29)
Note that according to (5.10) if λi = (l, ϑ
′)
wˆλi = Πn,ϑwˆλi , if n = nl and ϑ
′ = ϑ. (5.30)
Let us introduce notation
~n
(
~l
)
= (nl1 , . . . , nlm) ,
~ξ
(
~λ
)
=
(
~n
(
~l
)
, ~ϑ
)
, for ~λ =
(
~l, ~ϑ
)
∈ Λm. (5.31)
Since
Πn′,ϑΠn,ϑ′ = 0, if n 6= n
′ or ϑ′ 6= ϑ (5.32)
then (5.30) implies
F
(m)
n,ζ,~ξ
[wˆλ1 . . . wˆλm ] = 0 if
~ξ =
(
~n,~ζ
)
6= ~ξ
(
~λ
)
, and, hence,
F (m)
[
w˜~λ
]
(k, τ) =
∑
n,ζ
F
(m)
n,ζ,~ξ(~λ)
[wˆλ1 . . . wˆλm ] (k, τ ) , (5.33)
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where we use notation (3.17), (5.31). Note also that
Πn′,ϑF
(m)
n,ζ,~ξ
= 0 if n′ 6= n or ϑ 6= ζ, (5.34)
and, hence, we have nonzero Πn′,ϑF
(m)
n,ζ,~ξ
(
w˜~λ
)
only if
~ξ = ~ξ
(
~λ
)
, n′ = n, ϑ = ζ. (5.35)
By (4.22)
F
(m)
n,ζ,~ξ(~λ)
(
w˜~λ
)
(k, τ) =
∫ τ
0
∫
Dm
exp
{
iφn,ζ,~ξ(~λ)
(
k, ~k
) τ 1
̺
}
(5.36)
χ
(m)
n,ζ,~ξ(~λ)
(
k, ~k
) [
wˆλ1 (k
′, τ 1) , . . . , wˆλm
(
k(m)
(
k, ~k
)
, τ 1
)]
d˜(m−1)d~kdτ 1,
Now we use (5.11) and notice that according to the convolution identity in (3.9)
|wˆλ1 (k
′, τ 1)| · . . . ·
∣∣∣wˆλm (k(m) (k, ~k) , τ 1)∣∣∣ = 0 if ∣∣∣k−∑
i
ϑik∗li
∣∣∣ ≥ mβ1−ǫ. (5.37)
Hence the integral (5.36) is nonzero only if
(
k, ~k
)
belongs to the set
Bβ =
{(
k, ~k
)
:
∣∣k(i) − ϑik∗li∣∣ ≤ β1−ǫ, i = 1, . . . , m, ∣∣∣k−∑
i
ϑik∗li
∣∣∣ ≤ mβ1−ǫ} . (5.38)
We will prove now that if (n,k∗i) /∈ S then for small β one of the following alternatives
holds:
either Ψ (·, ϑk∗i)Πn′,ϑF
(m)
n,ζ,~ξ
(
w˜~λ
)
= 0 (5.39)
or (5.35) holds and
∣∣∣φn,ζ,~ξ (k, ~k)∣∣∣ ≥ c > 0 for (k, ~k) ∈ Bβ. (5.40)
Note then since φn,ζ,~ξ
(
k, ~k
)
is smooth then using notation (3.18) we get
∣∣∣φn,ζ,~ξ (k, ~k)− φn′,ζ,~ξ (k∗∗, ~k∗)∣∣∣ ≤ Cβ1−ǫ for (k, ~k) ∈ Bβ , (5.41)
~ϑ = (ϑ1, . . . , ϑm) , k∗∗ = ζ
∑
i
ϑik∗li = ζκm
(
~ϑ,~l
)
,
Hence the alternative (5.40) holds if
φn,ζ,~ξ
(
k∗∗, ~k∗
)
6= 0, (5.42)
and, consequently, it suffices to prove that either (5.39) or (5.42) holds. Combining (5.38)
with Ψ (k, ϑk∗i) = 0 for |k− ϑk∗i| ≥ β
1−ǫ we find that Ψi,ϑF
(m)
[
w˜~λ
]
can be non-zero for
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small β only in a small neighborhood of a point ζκm
(
~ϑ,~l
)
∈ [S]K,out, and that is possible
only if
k∗∗ = ζκm
(
~ϑ,~l
)
= ϑk∗i, k∗i ∈ KS. (5.43)
Let us show that the equality
φn,ζ,~ξ
(
k∗∗, ~k∗
)
= 0 (5.44)
is impossible for k∗∗ as in (5.43) and n
′ = n as in (5.34), keeping in mind that (n,k∗i) /∈ S. It
follows from (3.23) and (4.23) that the equation (5.44) has the form of the resonance equation
(3.24). Since nk-spectrum S is resonance invariant, in view of Definition 3.8 the resonance
equation (5.44) may have a solution only if k∗∗ = k∗i, i = il, n = nl, with (nl,k∗il) ∈ S.
Since (n,k∗i) /∈ S that implies (5.44) does not have a solution and, hence, (5.42) holds when
(n,k∗i) /∈ S. Notice that (5.9) yields the following bounds
‖wˆλi‖E ≤ R1, ‖∂τ wˆλi‖E ≤ C. (5.45)
These bounds combined with Lemma 5.5, proven below, imply that if (5.42) holds then (5.28)
holds. Now let us turn to (5.27). According to ( 5.14) and (5.37) the term Ψ∞Πn′,ϑF
(m)
(
w˜~λ
)
can be non-zero only if ζκm
(
~λ
)
= k∗∗ /∈ KS. Since nk-spectrum S is resonance invariant
we conclude as above that inequality (5.42) holds in this case as well. The fact that the set
of all κm
(
~λ
)
is finite, combined with inequality (5.42), imply (5.40) for sufficiently small β.
Using Lemma 5.5 as above we derive (5.27). Hence, all terms in the expansion (5.23) are
either zero or satisfy (5.27) or (5.28) implying consequently (5.22) and (5.18).
Here is the lemma used in the above proof.
Lemma 5.5 Let assume that∣∣∣Ψi,ϑ′Πn′,ζχ(m)n,ζ,~ξ
(
k, ~k
) [
wˆλ1 (k
′, τ 1) , . . . , wˆλm
(
k(m)
(
k, ~k
)
, τ 1
)]∣∣∣ = 0 for (k, ~k) ∈ Bβ,
and
∣∣∣φn,ζ,~ξ (k, ~k)∣∣∣ ≥ ω∗ > 0 for (k, ~k) /∈ Bβ, where Bβ as in (5.38). (5.46)
Then ∥∥∥Ψ (·, ϑ′k∗i) Πn′,ζF (m)n,ζ,~ξ (w˜~λ)
∥∥∥
E
≤ (5.47)
4̺
ω∗
∥∥χ(m)∥∥∏
j
∥∥wˆλj∥∥E + 2̺τ ∗ω∗
∥∥χ(m)∥∥∑
i
‖∂τ wˆλi‖E
∏
j 6=i
∥∥wˆλj∥∥E .
Proof. Notice that the oscillatory factor in (4.22) equals to
exp
{
iφ
(
k, ~k
) τ 1
̺
}
=
̺
iφ
(
k, ~k
)∂τ1 exp
{
iφ
(
k, ~k
) τ 1
̺
}
.
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Denoting φn,ζ,~ξ = φ, Ψi,ϑ′Πn′,ζχ
(m)
n,ζ,~ξ
= χ
(m)
~η and integrating (4.22) by parts with respect to τ 1
we obtain
Ψ (k, ϑ′k∗i) Πn′,ζF
(m)
n,ζ,~ξ
(
w˜~λ
)
(k, τ) = (5.48)∫
B
Ψ (k, ϑ′k∗i)
̺eiφ(k,
~k) τ̺
iφ
(
k, ~k
)χ(m)~η (k, ~k) wˆλ1 (k′, τ) . . . wˆλm (k(m) (k, ~k) , τ) d˜(m−1)d~k
−
∫
B
Ψ (k, ϑ′k∗i)
̺
iφ
(
k, ~k
)χ(m)~η (k, ~k) wˆλ1 (k′, 0) . . . wˆλm (k(m) (k, ~k) , 0) d˜(m−1)d~k
−
∫ τ
0
∫
B
Ψ (k, ϑ′k∗i)
̺eiφ(k,
~k) τ1̺
iφ
(
k, ~k
) χ(m)~η (k, ~k) ∂τ1 [wˆλ1 (k′) . . . wˆλm (k(m) (k, ~k))] d˜(m−1)d~kdτ 1,
where B is the set of k(i) for which (5.38) holds. The relations (3.11) and (2.24) imply∣∣∣χ(m)~η (k, ~k)∣∣∣ ≤ ∥∥χ(m)∥∥. Using then (5.46), the Leibnitz formula, (5.9) and (4.8) we obtain
(5.47).
The main result of this subsection is the next theorem which, when combined with Lemma
5.3, implies the wavepacket preservation, namely that the solution uˆn,ϑ (k, τ ) of (4.25) is a
multi-wavepacket for all τ ∈ [0, τ ∗].
Theorem 5.6 Assume that conditions of Theorem 5.4 are fulfilled. Let uˆn,ϑ (k, τ) for n = nl
and wˆl,ϑ (k, τ ) be the solutions to respective systems (4.25) and (5.5), wˆ be defined by (5.13).
Then for sufficiently small β0 > 0 we have
‖uˆnl,ϑ − Πnl,ϑwˆ‖E ≤ C̺+ C
′βs, 0 < β ≤ β0, l = 1, ..., N. (5.49)
Proof. Note that uˆn,ϑ = Πn,ϑuˆ where uˆ is a solution of (4.6) and, according to Theorem
4.7, ‖uˆ‖E ≤ 2R. Comparing the equations (4.6) and (5.17) , which are uˆ = F (uˆ) + hˆ and
wˆ = F (wˆ) + hˆ+D (wˆ), we find that Lemma 4.6 can be applied. Then we notice that by
Lemma 4.5 F has the Lipschitz constant CF τ ∗ for such uˆ. Taking CF τ ∗ < 1 as in Theorem
4.7 we obtain (5.49) from (4.17).
Notice that Theorem 2.9 is a direct corollary of Theorem 5.6 and Lemma 5.3.
Analogous statement is proven in [8] for parameter-dependent equations (2.1) with
Fˆ
(
Uˆ
)
= Fˆ
(
Uˆ, ̺
)
.
The following theorem shows that any multi-wavepacket solution to (4.6) yields a solution
to the wavepacket interaction system (5.5).
Theorem 5.7 Let uˆ (k, τ) be a solution of (4.6) and assume that uˆ (k, τ ) and hˆ (k) are
multiwavepackets with nk-spectrum S = {(nl,k∗l) , l = 1, . . . , N} and the regularity degree s.
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Let also Ψil,ϑ = Ψil,ϑ be defined by (5.1). Then the functions wˆ
′
l,ϑ (k, τ) = Ψil,ϑΠnl,ϑuˆ (k, τ)
are a solution to the system (5.5) with hˆ (k) replaced by hˆ′ (k, τ ) satisfying∥∥∥hˆ (k)− hˆ′ (k, τ )∥∥∥
L1
≤ Cβs, 0 ≤ τ ≤ τ ∗, (5.50)
and if wˆl,ϑ are solutions of (5.5) with original hˆ (k) we have the inequality∥∥wˆ′l,ϑ (k, τ)− wˆl,ϑ∥∥L1 ≤ Cβs, 0 ≤ τ ≤ τ ∗. (5.51)
Proof. Multiplying (4.6) by Ψil,ϑΠnl,ϑ we get
wˆ′l,ϑ = Ψ (·, ϑk∗il)Πnl,ϑF (uˆ) (k, τ)+Ψ (·, ϑk∗il) Πnl,ϑhˆ (k) , wˆ
′
l,ϑ = Ψ (·, ϑk∗il) Πnl,ϑuˆ. (5.52)
Since uˆ (k, τ) is a multiwavepacket with regularity s we have
‖uˆ (·, τ)− wˆ′ (·, τ)‖L1 ≤ Cǫβ
s where wˆ′ (·, τ) =
∑
l,ϑ
Ψ (·, ϑk∗il) uˆ (·, τ) . (5.53)
Let us recast (5.52) in the form
wˆ′l,ϑ = Ψ (·, ϑk∗il) Πnl,ϑF (wˆ
′) (k, τ) + Ψ (·, ϑk∗il) Πnl,ϑ
[
hˆ (k) + hˆ′′ (k, τ)
]
, (5.54)
hˆ′′ (k, τ ) = [F (uˆ)− F (wˆ′)] (k, τ ) .
Denoting hˆ (k) + hˆ′′ (k, τ) = hˆ′ (k, τ ) we observe that (5.54) has the form of (5.5) with hˆ (k)
replaced by hˆ′ (k, τ). Inequality (5.50) follows then from (5.53) and (4.13). Using Lemma
4.6 we obtain (5.51).
6 Reduction of wavepacket interaction system to an
averaged interaction system
Our goal in this section is to substitute the wavepacket interaction system (5.5) with a
simpler averaged interaction system which describes the evolution of wavepackets with the
same accuracy but has a simpler nonlinearity, and we follow here the approach developed
in [8]. The reduction is a generalization of the classical averaging principle to the case
of continuous spectrum, see [8] for a discussion and further simplification of the averaged
interaction system. In the present paper we do not need the further simplification to a
minimal interaction system leading to a system of NLS-type equations which is done in [8].
6.1 Time averaged wavepacket interaction system
Here we modify the wavepacket interaction system (5.5), substituting its nonlinearity with
another one obtained by the time averaging, and prove that this substitution produces a
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small error of order ̺. As the first step we recast (5.5) in a slightly different form by using
expansions (5.15), (5.29) together with (5.33) and (5.34) and writing the nonlinearity in the
equation (5.5) in the form
Ψ (·, ϑk∗il)Πnl,ϑF (·, τ) =
∑
m∈MF
∑
~λ∈Λm
Ψ (·, ϑk∗il)F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
, ~λ =
(
~l,~ζ
)
,(6.1)
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
(k, τ) = F
(m)
n,ζ,~n,~ζ
[wˆλ1 . . . wˆλm] (k, τ)
∣∣∣
~n=~n(~l), (n,ζ)=(nl,ϑ)
, (6.2)
with F
(m)
n,ζ,~n,~ζ
as in (4.22) and ~n
(
~l
)
as in (5.31), and we call F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
a decorated
monomial F
(m)
nl,ϑ,~ξ(~λ)
evaluated at w˜~λ. Consequently, the wavepacket interaction system (5.5)
can be written in an equivalent form
wˆl,ϑ =
∑
m∈MF
∑
~λ∈Λm
Ψ (·, ϑk∗il)F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
+Ψ (·, ϑk∗il) Πnl,ϑhˆ, l = 1, . . . N, ϑ = ±. (6.3)
The construction of the above mentioned time averaged equation reduces to discarding certain
terms in the original system (6.3). First we introduce the following sets of indices related to
the resonance equation (3.24) and Ωm defined by (3.23):
Λmnl,ϑ =
{
~λ =
(
~l,~ζ
)
∈ Λm : Ωm
(
ϑ, nl, ~λ
)
= 0
}
, (6.4)
and then the time-averaged nonlinearity Fav by
Fav,nl,ϑ (w˜) =
∑
m∈MF
F
(m)
nl,ϑ
, F
(m)
nl,ϑ
=
∑
~λ∈Λm
nl,ϑ
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
. (6.5)
where F
(m)
nl,ϑ,~ξ(~λ)
are defined in (6.2).
Remark 6.1 Note that the nonlinearity F
(m)
av,nl,ϑ
(w˜) can be obtained from F
(m)
nl,ϑ
by an averag-
ing formula using averaging operator AT acting on polynomial functions F : (C
2)
N
→ (C2)
N
as follows
(ATF )j,ζ =
1
T
∫ T
0
e−iζφjtFj,ζ
(
eiφ1tu1,+, e
−iφ1tu1,−, . . . , e
iφN tuN,+, e
−iφN tuN,−
)
dt. (6.6)
Using this averaging we define for any polynomial nonlinearity G : (C2)
N
→ (C2)
N
averaged
polynomial
Gav,j,ζ (~u) = lim
T→∞
(ATG)j,ζ (~u) . (6.7)
If frequencies φj in (6.6) are generic, Gav,j,ζ (~u) is always a universal nonlinearity. Note
that Fav,nl,ϑ (w˜) defined by (6.5) can be obtained by the formula (6.7) where AT is defined
by formula (6.6) with frequencies φj = ωnj
(
k∗ij
)
(it may be conditionally universal if the
frequencies φj are subjected to a condition of the form (6.22), see the following subsection for
details, in particular for definitions of universal and conditionally universal nonlinearities).
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Finally, we introduce the wave interaction system with time-averaged nonlinearity as
follows:
vˆl,ϑ = Ψ (·, ϑk∗il)Fav,nl,ϑ (v˜) + Ψ (·, ϑk∗il)Πnl,ϑhˆ, l = 1, . . . N, ϑ = ±. (6.8)
Similarly to (5.7) we recast this system concisely as
v˜ = Fav,Ψ (v˜) + h˜Ψ . (6.9)
The following lemma is analogous to Lemmas 5.1, 4.5.
Lemma 6.2 Operator Fav,Ψ (v˜) is bounded for bounded v˜ ∈ E
2N , Fav,Ψ (0) = 0. Polynomial
operator Fav,Ψ (v˜) satisfies the Lipschitz condition
‖Fav,Ψ (v˜1)−Fav,Ψ (v˜2)‖E2N ≤ Cτ ∗ ‖v˜1 − v˜2‖E2N (6.10)
where C depends only on Cχ a in (3.11), on the power of F and on ‖v˜1‖E2N + ‖v˜2‖E2N , and,
in particular, it does not depend on β, ̺.
From Lemma 6.2 and the contraction principle we obtain the following Theorem similarly
to Theorem 5.2.
Theorem 6.3 Let
∥∥∥h˜Ψ∥∥∥
E2N
≤ R. Then there exists R1 > 0 and τ ∗ > 0 such that equation
(6.9) has a solution v˜ ∈ E2N satisfying ‖v˜‖E2N ≤ R1, and such a solution is unique.
The following theorem shows that the averaged interaction system introduced above pro-
vides a good approximation for the wave interaction system.
Theorem 6.4 Let vˆl,ϑ (k, τ) be solution of (6.8) and wˆl,ϑ (k, τ ) be the solution of (5.5).
Then for sufficiently small β the vˆl,ϑ (k, τ) is a wavepacket satisfying (5.10), (5.11) with wˆ
replaced by vˆ. In addition to that, there exists β0 > 0 such that
‖vˆl,ϑ − wˆl,ϑ‖E ≤ C̺, l = 1, . . . , N ; ϑ = ±, for 0 < ̺ ≤ 1, 0 < β ≤ β0. (6.11)
Proof. Formula (5.10), (5.11) for vˆl,ϑ (k, τ ) follow from (6.8). We note that w˜ is an
approximate solution of (6.8), namely we have an estimate for Dav (wˆ) = wˆ − Fav,Ψ − hˆΨ
which is similar to (5.17), (5.18):
‖Dav (wˆ)‖ =
∥∥∥wˆ −Fav,Ψ − hˆ∥∥∥
E2N
≤ C̺, if 0 < ̺ ≤ 1, β ≤ β0. (6.12)
The proof of (6.12) is similar to the proof of (5.22) with minor simplifications thanks to the
absence of terms with Ψ∞. Using (6.12) we apply Lemma 4.6 and obtain (6.11).
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6.1.1 Properties of averaged nonlinearities
In this section we discuss elementary properties of nonlinearities obtained by formula (6.5).
A key property of such nonlinearities Fj,ζ is the following homogeneity-like property:
Fj,ζ
(
eiφ1tu1,+, e
−iφ1tu1,−, . . . , e
iφN tuN,+, e
−iφN tuN,−
)
= eiζφjtFj,ζ (u1+, u1−, . . . , uN+, uN−) .
(6.13)
The values of φi, i = 1,. . .N for which this formula holds depend on the resonance properties
of the set S which enters (6.5) through the index set Λmnl,ϑ. First, let us consider the simplest
case when φi are arbitrary. An example of such a nonlinearity is the function
F2,ζ (u1,+, u1,−, u2,+, u2,−) = u1,+u1,−u2,+.
We call a nonlinearity which is obtained by the formula (6.5) with a universal resonance
invariant set S a universal nonlinearity.
Proposition 6.5 If Fj,ζ is a universal nonlinearity, then (6.13) holds for arbitrary set of
values φi, i = 1, . . . , N .
Proof. Note that the definition (6.5) of the averaged nonlinearity essentially is based on
the selection of vectors ~λ =
(
(ζ ′, l′) , . . . ,
(
ζ(m), lm
))
∈ Λmnl,ϑ as in (6.4), which is equivalent
to the resonance equation (3.24) with n = nl, ζ = ϑ. This equation has the form
− ζωn (k∗∗) +
∑N
l=1
δlωl (k∗l) = 0, (6.14)
with
k∗∗ = −ζ
∑N
l=1
δlk∗l, (6.15)
where δl are the same as in (3.26). If ~λ ∈ Λ
m
nl,ϑ
and
w˜~λ = (wˆλ1 . . . wˆλm) =
(
wˆζ′,l1 . . . wˆζ(m),lm
)
=
(
e−iζ
′φl1 vˆζ′,l1 . . . e
−iζ(m)φlm vˆζ(m),lm
)
,
then, using (6.2) and the multilinearity of F (m) we get
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
= e
−i
P
ζ(j)φljF
(m)
nl,ϑ,~ξ(~λ)
(
v˜~λ
)
,
and
m∑
j=1
ζ(j)φlj =
∑N
l=1
δlφl, (6.16)
where δl are the same as in (3.26). If we have a universal solution of (6.14), all coefficients at
every ωl (k∗l) cancel out (ωn (k∗∗) also equals one of ωl (k∗l), namely ωn (k∗∗) = ωnI0 (k∗I0)).
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Using notation (3.26) we see that a universal solution is determined by the system of equations
on binary indices
δl =
∑
j∈~l−1(l)
ζ(j) = 0, l 6= I0, δI0 =
∑
j∈~l−1(I0)
ζ(j) = ζ. (6.17)
Obviously, the above condition does not involve values of ωl and Hence if δl, ζ correspond
to a universal solution of (6.14) then we have an identity
− ζφI0 +
∑N
l=1
δlφl = 0, (6.18)
which holds for any (φ1, . . . , φN) ∈ C
N .
Consider now the case where the nk-spectrum S is resonance invariant but may be not uni-
versal resonance invariant. Definition 3.8 of resonance invariant nk-spectrum implies that the
set P (S) of all solutions of (3.24) coincides with the set Pint (S) of internal solutions. Hence,
all solutions of (6.14), (6.15)) are internal, in particular k∗∗ = k∗I0 , ωn (k∗∗) = ωnI0 (k∗I0)
with some I0.
If we have a non-universal internal solution of (6.14), ωl (k∗l) satisfy the following linear
equation
ζωnI0 (k∗I0) +
∑N
l=1
δlωl (k∗l) = 0, ζk∗I0 +
∑N
l=1
δlk∗l = 0 (6.19)
where at least one of bj is non-zero. Note that if (6.19) is satisfied, we have additional
(non-universal) solutions of (3.24) defined by∑
j∈~l−1(l)
ζ(j) = δl, l 6= I0,
∑
j∈~l−1(I0)
ζ(j) = ζ + δI0. (6.20)
Now let us briefly discuss properties of equations (6.20). The right-hand sides of the above
system form a vector ~b = (b1, . . . , bN ) with bl = δl, l 6= I0, and bI0 = ζ + δI0. Note that
~l = (l1, . . . , lm) is uniquely defined by its level sets ~l
−1 (l). For every l the number δ+l of
positive ζ(j) and the number δ−l of negative ζ
(j) with j ∈ ~l−1 (l) in (6.20) satisfy equations
δ+l − δ−l = δl, δ+l + δ−l =
∣∣∣~l−1 (l)∣∣∣ (6.21)
where
∣∣∣~l−1 (l)∣∣∣ = cl is the cardinality (number of elements) of ~l−1 (l). Hence, δ+l, δ−l are
uniquely defined by δl,
∣∣∣~l−1 (l)∣∣∣. Hence, the set of binary solutions ~ζ of (6.20) with a given
~b and a given ~l = (l1, . . . , lm) is determined by subsets of ~l
−1 (l) with the cardinality δ+l
elements. Hence, every solution with a given ~b and a given ~l can be obtained from one
solution by permutations of indices j inside every level set ~l−1 (l). If ~b is given and the
cardinalities
∣∣∣~l−1 (l)∣∣∣ = cl are given, we can obtain different ~l which satisfy (6.20) by choosing
different decomposition of {1, . . . , m} into subsets with given cardinalities cl. For given ~b
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and ~c = (c1, . . . , cm) we obtain this way the set (may be empty for some ~b, ~c) of all solutions
of (6.20). Solutions with the same ~b and ~c we call equivalent.
When for a given wavepacket there are several non-equivalent non-universal solutions, the
number of which is denoted by Nc, we obtain from (6.19) a system of equations with integer
coefficients ∑N
l=1
bl,iωl (k∗l) = 0, i = 1, . . . , Nc (6.22)
and solutions to (3.24) can be found from∑
j∈~l−1(l)
ζ(j) = bl,i, for some i, 0 ≤ i ≤ Nc (6.23)
where to include universal solutions we set bl,0 = 0.
Hence, when a wavepacket is universally resonance invariant, we conclude that all terms
in (6.5) satisfy (6.17). Since (6.18) holds, we get (6.13) for arbitrary (φ1, . . . , φN ) ∈ C
N . If
the wavepacket is conditionally universal with conditions (6.23), then using (6.16) and (6.23)
we conclude that (6.18) and (6.13) hold if (φ1, . . . , φN) satisfy the system the equations∑N
l=1
bl,iφl = 0, i = 1, . . . , Nc. (6.24)
Now we wold like to describe a special class of solutions of averaged equations. The
evolution equation with an averaged nonlinearity has the form
∂τUj,+ =
−i
̺
Lj (−i∇)Uj,+ + Fj,+ (U1,+, U1,−, . . . , UN,+, UN,−) , (6.25)
∂τUj,− =
i
̺
Lj (i∇)Uj,+ + Fj,− (U1,+, U1,−, . . . , UN,+, UN,−) , j = 1, . . . , N,
where L (−i∇) is a linear scalar differential operator with constant coefficients. The char-
acteristic property (6.13) implies that such a system admits special solutions of the form
Uj,ζ (r, τ) = e
−iφjτ/̺Vj,ζ (r) (6.26)
where V1,ζ (r) solve the time-independent nonlinear eigenvalue problem
−iφjVj,+ = −iLj (−i∇)Vj,+ + ̺Fj,+ (V1,+, V1,−, . . . , VN,+, VN,−) , (6.27)
iφjVj,− = iLj (i∇) Vj,+ + ̺Fj,− (V1,+, V1,−, . . . , VN,+, VN,−) , j = 1, . . . , N.
6.1.2 Examples of universal and conditionally universal nonlinearities
Here we give a few examples of equations with averaged nonlinearities. When the multi-
wavepacket is universal resonance invariant, the averaged wave interaction system involves
NLS-type equations.
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Example 6.6 The simplest example of (6.25) for one wavepacket (N = 1) and one spatial
dimension (d = 1) is Nonlinear Schrodinger equation
∂τU1,+ = −
i
̺
a2∂
2
xU1,+ −
i
̺
a0U1,+ + a1∂xU1,+ − iqU1,−U
2
1,+, (6.28)
∂τU1,− =
i
̺
a2∂
2
xUj,− +
i
̺
a0U1,− + a1∂xU1,− + iqU1,+U
2
1,−.
Note that by setting y = x+ a1τ/̺ we can make a1 = 0. Obviously, the nonlinearity
Fζ (U) = −iζqU1,−ζU
2
1,ζ
satisfies (6.13):
iζqe−iζφ1U1,−ζ
(
eiζφ1U1,ζ
)2
= eiζφ1iζqU1,−ζ (U1,ζ)
2 .
The eigenvalue problem in this case takes the form
iφ1V1,+ = −ia2∂
2
xV1,+ − ia0V1,+ + a1∂xV1,+ − i̺qV1,−V
2
1,+, (6.29)
−iφ1V1,− = ia2∂
2
xVj,− + ia0V1,− + a1∂xV1,− + i̺qV1,+V
2
1,−.
If a1 = 0 and we consider real-valued V1,+ = V1,− we obtain the equation
(φ1 + a0)V1,+ = −a2∂
2
xV1,+ − ̺qV
3
1,+
or, equivalently,
(φ1 + a0)
̺q
V1,+ +
a2
̺q
∂2xV1,+ + V
3
1,+ = 0.
If
c2 =
a2
̺q
> 0,
(φ1 + a0)
̺q
= −b2 < 0, (6.30)
the last equation takes the form
−b2V1,+ + c
2∂2xV1,+ + V
3
1,+ = 0.
with a family of classical soliton solutions
V1,+ = 2
1/2 b
cosh (b (x− x0) /c)
.
Note that the norm of Fourier transform
∥∥∥Vˆ1,+∥∥∥
L1
= Cb where C is an absolute constant,
Hence to have Vˆ1,+ bounded in L
1 uniformly in small ̺ according to (6.30) we should take
φ1 = −a0 − b
2̺q with a bounded b.
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If the universal resonance invariant multi-wavepacket involves two wavepackets (N = 2)
and the nonlinearity F is cubic, that is MF = {3}, a semilinear system PDE with averaged
nonlinearity has the form
∂tU2,+ = −iL2 (i∇)U2,+ + U2,+ (Q2,1,+U1,+U1,− +Q2,2,+U2,+U2,−) ,
∂tU2,− = iL2 (−i∇)U2,− + U2,− (Q2,1,−U1,+U1,− +Q2,2,−U2,+U2,−) ,
∂tU1,+ = −iL1 (i∇)U1,+ + U1,+ (Q1,1,+U1,+U1,− +Q1,1,+U2,+U2,−) ,
∂tU1,− = iL1 (−i∇)U1,− + U1,− (Q1,1,−U1,+U1,− +Q1,1,−U2,+U2,−) .
Obviously, (6.13) holds with arbitrary φ1, φ2.
Now let us consider quadratic nonlinearities. In particular, let us concider the one-band
symmetric case ωn (k) = ω1 (k) = ω1 (−k), i.e. J = 1, MF = {2} and m = 2. Suppose that
there is a multi-wavepacket involving two wavepackets with wavevectors k∗1,k∗2 i.e. N = 2.
The resonance equation (3.24) takes now the form
− ζω1 (ζ
′k∗l1 + ζ
′′k∗l2) + ζ
′ω1 (k∗l1) + ζ
′′ω1 (k∗l2) = 0, (6.31)
where l1, l2 ∈ {1, 2} , ζ, ζ
′, ζ ′′ ∈ {−1, 1}. All possible cases, and there are exactly four of
them, correspond to the four well known effects in the nonlinear optics: (i) l1 = l2, ζ
′ = ζ ′′
and ζ ′ = −ζ ′′ correspond respectively to second harmonic generation and nonlinear optical
rectification; (ii) l1 6= l2, ζ
′ = ζ ′′and ζ ′ = −ζ ′′ correspond respectively to sum-frequency and
difference-frequency interactions.
Let us suppose now that k∗1,k∗2 6= 0 and ω1 (k∗1) 6= 0, ω1 (k∗2) 6= 0, where the last
conditions exclude the optical rectification, and that k∗i 6= 0 and k∗i, 2k∗i, 0, ±k∗1 ± k∗2
are not band-crossing points. Consider first the case when the wavepacket is universally
resonance invariant.
Example 6.7 Suppose there is a single band, i.e. J = 1, with a symmetric dispersion
relation, and a quadratic nonlinearity F , that is MF = {2}. Let us pick two points k∗1
and k∗2 6= ±k∗1, and assume that k∗i 6= 0 and k∗i, 2k∗i, 0, k∗1 ± k∗2 are not band-crossing
points. Assume also that (i) 2ω1 (k∗i) 6= ω1 (2k∗i) , i, j, l = 1, 2 , so there is no no second
harmonic generation; (ii) ω1 (k∗1)± ω1 (k∗2) 6= ω1 (k∗1 ± k∗2) , (no sum/difference-frequency
interactions); (iii) ω1 (0) 6= 0, ωj (k∗1) ± ωl (k∗2) 6= 0. Let us set the nk-spectrum to be the
set S1 = {(1,k∗1) , (1,k∗2)}. Then S1 is resonance invariant.
In this case (6.31) does not have solutions. Hence Λmnl,ϑ = ∅ and the averaged nonlinearity
equals zero.
Now let us consider the case where the wavepacket is not universal resonance invariant,
but conditionally universal resonance invariant. In the following example a conditionally
resonance invariant spectrum allows for second harmonic generation in the averaged system.
Example 6.8 Suppose there is a single band, i.e. J = 1, with a symmetric dispersion
relation, and a quadratic nonlinearity F , that is MF = {2}. Let us pick two points k∗1 and
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k∗2 such that k∗2 = 2k∗1, and assume that k∗i 6= 0 and k∗i, 2k∗i, 0, ±k∗1±k∗2 are not band-
crossing points. Assume also that (i) 2ω1 (k∗1) = ω1 (2k∗1) (second harmonic generation); (ii)
ωi (k∗1)±ωj (k∗2) 6= ωl (k∗1 ± k∗2) , i, j, l = 1, 2 (no sum-/difference-frequencies interaction);
(iii) ω1 (0) 6= 0, ωj (k∗1) ± ωl (k∗2) 6= 0. Let us set the nk-spectrum to be the set S =
{(1,k∗1) , (1,k∗2)}. Then S is resonance invariant. The condition (6.19) is takes here the
form
2ω1 (k∗1)− ω1 (k∗2) = 0, 2k∗1 − k∗2 = 0,
and the condition (6.24) turns into
2ω1 (k∗1)− ω1 (k∗2) = 0.
The wavepacket interaction system for such a multiwavepacket has the form
∂tU2,+ = −iL2 (i∇)U2,+ +Q2,2,+U1,+U1,+,
∂tU2,− = iL2 (−i∇)U2,− +Q2,2,−U1,−U1,−,
∂tU1,+ = −iL1 (i∇)U1,+ +Q1,2,+U2,+U1,−,
∂tU1,− = iL1 (−i∇)U1,− +Q1,2,−U2,−U1,+.
6.2 Invariance of multi-particle wavepackets
The following Lemma shows that particle wavepackets are preserved under action of certain
types of nonlinearities with elementary susceptibilities as in (4.20). In the following section
we show in particular that universal nonlinearities are composed of such terms.
Lemma 6.9 Let components wˆli,ζ = wˆλi of w˜~λ = wˆλ1 . . . wˆλm be particle-like wavepackets
in the sense of Definition 2.2 and F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
be as in (6.5). Assume that
wˆli,ζ (k, β) = 0 if |k− ζk∗li| ≥ β
1−ǫ, ζ = ±, i = 1, . . . , m. (6.32)
Assume that vector index ~λ ∈ Λmnl,ϑ be such a vector which has at least one component
λj =
(
ζj , lj
)
such that
∇ωnl (k∗l) = ∇ωnlj
(
k∗lj
)
. (6.33)
Then for any r∗ ∈ R
d
∥∥∥∥∇k
(
e−ir∗kΨ
(
·,k∗l, β
1−ǫ
)
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
))∥∥∥∥
E
≤ (6.34)
Cτ ∗
∥∥∥∇ke−ir∗k(j)wlj∥∥∥
E
∏
i 6=j
∥∥∥wlj ,ζj∥∥∥
E
+ Cτ ∗
(
β−1+ǫ +
β1−ǫ
̺
) m∏
j=1
∥∥∥wlj ,ζj∥∥∥
E
.
where C does not depend on r∗ and small β, ̺.
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Proof. Note that
r∗k = r∗
(
k′ + . . .+ k(m)
)
.
We have by (4.22)
∇ke
−ir∗kF
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
(k, τ) = ∇k
∫ τ
0
∫
[−π,π]2d
exp
{
iφ θ,~ζ
(
k, ~k
) τ 1
̺
}
(6.35)
Ψe−ir∗kχ
(m)
θ,~ζ
(
k, ~k
)
wl1,ζ′ (k
′) . . .wlm,ζ(m)
(
k(m)
(
k, ~k
))
d˜(m−1)d~kdτ 1.
Without loss of generality we assume that in (6.33) lj = lm (the general case is reduced to
this one by a renumeration of variables of integration). By the Leibnitz formula
∇k
[
Ψe−ir∗kF
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)]
(k, τ ) = I1 + I2 + I3, (6.36)
where
I1 =
∫ τ
0
∫
[−π,π](m−1)d
∇k exp
{
iφθ,~ζ
(
k, ~k
) τ 1
̺
− ir∗k
}
×
Ψχ
(m)
θ,~ζ
(
k, ~k
)
e−ir∗k
′
wl1,ζ′ (k
′) . . . e−ir∗k
(m)
wlm,ζ(m)
(
k(m)
(
k, ~k
))
d˜(m−1)d~kdτ 1,
I2 =
∫ τ
0
∫
[−π,π](m−1)d
Ψexp
{
iφθ,~ζ
(
k, ~k
) τ 1
̺
− ir∗k
}
×[
∇k
(
Ψ
(
k,k∗l, β
1−ǫ
)
χ
(m)
θ,~ζ
(
k, ~k
))]
e−ir∗k
′
wl1,ζ′ (k
′) . . . e−ir∗k
(m)
wlm,ζ(m)
(
k(m)
(
k, ~k
))
d˜(m−1)d~kdτ 1,
I3 =
∫ τ
0
∫
[−π,π](m−1)d
exp
{
iφθ,~ζ
(
k, ~k
) τ 1
̺
− ir∗k
}
×
Ψχ
(m)
θ,~ζ
(
k, ~k
)
e−ir∗k
′
wl1,ζ′ (k
′) . . .∇k
(
e−ir∗k
(m)(k,~k)wlm,ζ(m)
(
k(m)
(
k, ~k
)))
d˜(m−1)d~kdτ 1.
Since wj,ζ are bounded, we have∥∥∥e−ir∗jk(j)wlj ,ζ(j) (k(j))
∥∥∥
L1
≤
∥∥∥wlj ,ζ(j) (k(j))
∥∥∥
L1
≤ C1, j = 1, . . . , m. (6.37)
Using (4.8) and (6.37) we get
|I3| ≤
∥∥χ(m)∥∥m−1∏
j=1
∥∥∥wlj ,ζ(j)
∥∥∥
E
∫ τ
0
∥∥∥∇ke−ir∗k(m)(k,~k)wlm,ζ(m)
∥∥∥
E
dτ 1. (6.38)
From (6.37), (2.25), (3.13) and the smoothness of Ψ
(
k,k∗l, β
1−ǫ
)
we get
|I2| ≤ C2β
−1+ǫ
m∏
j=1
∥∥∥wlj ,ζj∥∥∥
E
. (6.39)
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Now let us estimate I1. Using (4.23) we obtain
I1 =
∫ τ
0
∫
[−π,π](m−1)d
[
exp
{
iφθ,~ζ
(
k, ~k
) τ 1
̺
}]
(6.40)
τ 1
̺
[
−θ∇kωnl (k) + ζ
(m)∇kωnlm
(
k(m)
(
k, ~k
))]
χ
(m)
θ,~ζ
(
k, ~k
)
wl1,ζ′ (k
′) . . .wlm,ζ(m)
(
k(m)
(
k, ~k
))
d˜(m−1)d~kdτ 1.
The difficulty in the estimation of the integral I1 comes from the factor
τ1
̺
since ̺ is small.
Since (6.32) holds, it is sufficient to estimate I1 if.∣∣∣k(j) − ζ(j)k∗nj ∣∣∣ ≤ β1−ǫ for all j. (6.41)
According to (3.18), since ~λ ∈ Λmnl,ϑ, we have
k(m)
(
k∗nl ,
~k∗
)
= k∗nlm .
Hence, using (6.33) and (4.23) we obtain
∇kφθ,~ζ
(
k∗nl,
~k∗
)
=
[
−θ∇kωnl (k∗nl) + ζ
(m)∇kωnlm
((
k(m)
(
k∗nl ,
~k∗
)))]
= 0. (6.42)
Using (3.2) we conclude that in a vicinity of ~k∗ defined by (6.41) we have∣∣∣[−θ∇kω (k) + ζ(m)∇kω (k(m) (k, ~k))]∣∣∣ ≤ 2 (m+ 1)Cω,2β1−ǫ.
This yields the estimate
|I1| ≤ C3β
1−ǫ/̺. (6.43)
Combining (6.43), (6.39) and (6.38) we obtain (6.48).
We introduce a β-dependent Banach space E1 of differentiable functions of variable k by
the formula
‖w‖E1(r∗) = β
1+ǫ
∥∥∇k (e−ir∗kw)∥∥E + ‖w‖E . (6.44)
We use for 2N - component vectors with elements wi (k) ∈ E
2 the following notation
w˜ (k) = (w1 (k) , . . . ,wN (k)) , r˜∗ = (r∗1, . . . , r∗N) , wi (k) = (wi,+ (k) ,wi,− (k)) , (6.45)
e−i˜r∗kw˜ (k) =
(
e−ir∗1kw1 (k) , . . . , e
−ir∗NkwN (k)
)
,
Similarly to (5.6) we introduce the space (E1)
2N
(r˜∗) with the norm
‖w˜‖(E1)2N (r˜∗) =
∑
l,ϑ
‖wˆl,ϑ‖E1(r∗l) . (6.46)
The following proposition is obtained by comparing (6.44) and (2.33).
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Proposition 6.10 A multi-wavepacket w˜ is a multi-particle one with positions r∗1,. . . , r∗N
if and only if
‖w˜‖(E1)2N (r˜∗) ≤ C
where the constant C does not depend on β, 0 < β ≤ 1/2, and r˜∗.
In view of the above we will call E1 (r∗) and (E
1)
2N
(r˜∗) particle spaces. We also use
notations
Ψ2w˜~λ =
(
Ψ
(
·,k∗l1 , β
1−ǫ/2
)
wλ1 , . . . ,Ψ
(
·,k∗lm , β
1−ǫ/2
)
wλm
)
,
F
(m)
nl,ϑ,~λ,Ψ2
(w˜m) = Ψ
(
·,k∗l, β
1−ǫ
)
F
(m)
nl,ϑ,~ξ(~λ)
(
Ψ2w˜~λ
)
.
Lemma 6.11 Let w˜, v˜ ∈ (E1)
2N
(˜r∗) and F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
be as in (6.5). Assume that vector
index ~λ ∈ Λmnl,ϑ be such a vector which has at least one component λj =
(
ζj , lj
)
with lj = l.
Assume that (1.9) holds and Ψ
(
·,k∗, β
1−ǫ
)
is defined in (2.25). Let ‖w˜‖(E1)2N (r˜∗) ≤ 2R.
Then ∥∥∥F (m)
nl,ϑ,~λ,Ψ2
(w˜)
∥∥∥
E1(r∗l)
≤ Cτ ∗ ‖w˜‖
m−1
(E)2N
‖w˜‖(E1)2N (r˜∗) (6.47)
where C does not depend on β, 0 < β ≤ 1/2, and on r˜∗, r∗l, and r˜∗ is defined by (6.45). If
‖v˜‖(E1)2N (r˜∗) ≤ 2R the following Lipschitz inequality holds∥∥∥F (m)
nl,ϑ,~λ,Ψ2
(w˜)− F
(m)
nl,ϑ,~λ,Ψ2
(v˜)
∥∥∥
E1(r∗l)
≤ Cτ ∗ ‖w˜ − v˜‖(E1)2N (r˜∗) (6.48)
where C does not depend on β, 0 < β ≤ 1/2, and on r˜∗, r∗l.
Proof. Note that Ψ2w˜~λ and Ψ2v˜~λ are wavepackets in the sense of Definition 2.2. To
obtain (6.47) we apply inequality (6.34) and use (1.9); for the part of E1-norm without
k-derivatives we use (4.10). Using multilinearity of F
(m)
nl,ϑ,~λ,Ψ2
we observe that
F
(m)
nl,ϑ,~λ,Ψ2
(w˜)− F
(m)
nl,ϑ,~λ,Ψ2
(v˜) =
m∑
j=1
F
(m)
nl,ϑ,~λ,Ψ2
(
wλ1, . . . ,wλj − vλj ,vλj+1 , . . . ,vλm
)
. (6.49)
We can apply to every term inequality (6.34). Multiplying (6.34) by β1+ǫ and using (1.9)
we deduce (6.48).
Now we consider a system similar to (6.8),
vˆl,ϑ = Fav,Ψ2,nl,ϑ (v˜) + Ψ (·, ϑk∗il) Πnl,ϑhˆ, l = 1, . . . N, ϑ = ±, (6.50)
where Fav,Ψ,nl,ϑ is defined by a formula similar to(6.5):
Fav,Ψ2,nl,ϑ (v˜) =
∑
m∈MF
F
(m)
nl,ϑ
, F
(m)
nl,ϑ
=
∑
~λ∈Λm
nl,ϑ
F
(m)
nl,ϑ,~λ,Ψ
(v˜) . (6.51)
The system (6.50) can be written in the form similar to (6.9)
v˜ = Fav,Ψ2 (v˜) + h˜Ψ . (6.52)
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Theorem 6.12 (solvability in particle spaces) Let the initial data h˜ in the averaged
wavepacket interaction system (6.52) be a multi-particle wavepacket hˆ (β,k) with nk-spectrum
S as in (2.39), the regularity degree s and with positions r∗l, l = 1, . . . , N . Let
∥∥∥h˜∥∥∥
(E1)2N (r˜∗)
≤
R. Assume that S is universally resonance invariant in the sense of Definition 3.8. Then
there exists τ ∗∗ > 0 which does not depend on r˜∗, β and ̺ such that if τ ∗ ≤ τ ∗∗ equation
(6.52) has a unique solution v˜ in (E1)
2N
(r˜∗), such that
‖v˜‖(E1)2N (r˜∗) ≤ 2R (6.53)
where R does not depend on ̺, β and on r˜∗. This solution is is a multi-particle wavepacket
with positions r∗l
Proof. Since S is universally resonance invariant every vector index ~λ ∈ Λmnl,ϑ has at
least one component λj =
(
ζj , lj
)
with lj = l. Hence Lemma 6.11 is applicable and according
to (6.48) the operator Fav,Ψ2 defined by (6.51) is Lipschitz in the ball ‖v˜‖(E1)2N (˜r∗) ≤ 2R
with a Lipschitz constant C ′τ ∗ where C
′ which does not depend on ̺, β, and on r˜∗. We choose
τ ∗∗ so that C
′τ ∗∗ ≤ 1/2 and use Lemma 4.6. According to this Lemma equation (6.52) has
a solution v˜ which satisfies (6.53). This solution is is a multi-particle wavepacket according
to Proposition 6.10.
Theorem 6.13 (particle wavepacket approximation) Let the initial data hˆ in the in-
tegral equation (2.14) with solution uˆ (τ , β;k) be an multi-particle wavepacket hˆ (β,k) with
nk-spectrum S as in (2.39), the regularity degree s and with positions r∗l l = 1, . . . , N , and
components of hˆ (β,k) satisfy the inequality
∥∥∥h˜∥∥∥
(E1)2N (r˜∗)
≤ R. Let τ ∗ ≤ τ ∗∗. Assume that
S is universally resonance invariant in the sense of Definition 3.8. We define vˆ (τ , β;k) by
the formula
vˆ (τ , β;k) =
N∑
l=1
∑
ζ=±
vˆl,ϑ (τ , β;k) , l = 1, . . . , N, (6.54)
where vˆl,ϑ (τ , β;k) is a solution of (6.8). Then every such vˆl (k; τ , β) is a particle-like
wavepacket with the position r∗l and
sup
0≤τ≤τ∗
‖uˆ (τ , β;k)− vˆ (τ , β;k)‖L1 ≤ C1̺+ C2β
s, (6.55)
where the constant C1 does not depend on ̺, s and β, and the constant C2 does not depend
on ̺, β.
Proof. Let v˜ ∈ (E1)
2N
(r˜∗) be the solution of equation (6.52) which exists by Theorem
6.12, it is a particle-like wavepacket. Note that
Ψ
(
·,k∗l1 , β
1−ǫ/2
)
Ψ
(
·,k∗l1 , β
1−ǫ
)
= Ψ
(
·,k∗l1 , β
1−ǫ
)
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and solution of (6.52) has the form vˆl,ϑ (τ , β;k) = Ψ
(
·,k∗l, β
1−ǫ
)
[. . .] and, consequently,
for such solutions Ψ2v˜~λ = v˜~λ, the nonlinearity F
(m)
nl,ϑ,~λ,Ψ2
(v˜) coincides with and equation
Ψ
(
·,k∗l, β
1−ǫ
)
F
(m)
nl,ϑ,~ξ(~λ)
(
v˜~λ
)
and the equation (6.50) coincides with (6.8). Hence, v˜ is a
solution of (6.8). Estimate (6.55) follows from estimates (6.11) and (5.49).
Corollary 6.14 If conditions of Theorem 2.10 are satisfied, the statement of Theorem 2.10
holds.
Proof. Note that functions wˆ′l,ϑ (k, τ) = Ψil,ϑΠnl,ϑuˆ (k, τ ), θ = ±, in Theorem 5.7 are
the two components of uˆl (τ , β;k) in (2.45). Hence, (5.51) implies that
‖uˆl − wˆl,+ − wˆl,−‖E ≤ C
′βs, 0 < β ≤ β0, (6.56)
where wˆl,ϑ are solutions to (5.5). According to (6.11), if vˆl,ϑ (k, τ) is the solution of (6.8)
we have
‖vˆl,ϑ − wˆl,ϑ‖E ≤ C̺, l = 1, . . . , N ; ϑ = ±. (6.57)
Hence,
‖uˆl − vˆl,+ − vˆl,−‖E ≤ C̺+ C
′βs, 0 < β ≤ β0. (6.58)
This inequality implies (2.46). We have proved that vˆl,ϑ is a particle-like wavepacket as in
Theorem 6.13. Estimate (6.58) implies that uˆl is equivalent to vˆl = vˆl,+ + vˆl,− in the sense
of (2.42) of the degree s1 = min (s, s0).
7 Superposition principle and decoupling of the wavepacket
interaction system
In this section we give the proof of the superposition principle of [9] which is based on a
study of the wavepacket interaction system (6.8). We will show that when we omit cross-
terms in the averaged system wavepacket interaction system, the resulting error is estimated
by ̺
β1+ǫ
|ln β|, that is component wavepackets evolve essentially independently and the time
averaged wavepacket interaction system almost decouples.
Let Fav,nl,ϑ be defined by (6.5) and let a decoupled nonlinearity Fav,nl,ϑ,diag be defined
by
Fav,nl,ϑ,diag (w˜) =
∑
m∈MF
F
(m)
nl,ϑ
, F
(m)
nl,ϑ,diag
(w˜) =
∑
~λ∈Λm,diag
nl,ϑ
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
. (7.1)
where the set of indices Λm,diagnl,ϑ consists of
Λm,diagnl,ϑ =
{
~λ =
(
~l,~ζ
)
∈ Λm,nl,ϑ : lj = l, j = 1, . . . , m
}
. (7.2)
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Note that F
(m)
nl,ϑ,diag
in (7.1) depends only on wl,+ and wl,−:
F
(m)
nl,ϑ,diag
(w˜) = F
(m)
ϑ,diag,l (wl) , wl = (wl,+,wl,−) . (7.3)
The coupling between different variables vl in (6.8) is caused by non-diagonal terms
Fav,nl,ϑ,coup (w˜) = Fav,nl,ϑ (w˜)− Fav,nl,ϑ,diag (w˜) . (7.4)
Obviously, equation (6.9) can be written in the form
v˜ = Fav,Ψ,diag (v˜) + Fav,Ψ,coup (v˜) + h˜Ψ . (7.5)
The system of decoupled equations has the form
v˜diag = Fav,Ψ,diag (v˜diag) + h˜Ψ . (7.6)
or, when written in components,
vdiag,l = F
(m)
av,Ψ,diag,l (vdiag,l) + hΨ,l, l = 1, . . . , N. (7.7)
We will prove that contribution of Fav,Ψ,coup in (7.5) is small, the proof is based on the
following lemma.
Lemma 7.1 (small coupling terms) Let F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
be as in (6.5), let all compo-
nents wλi of w˜~λ satisfy (6.32) and be wavepackets in the sense of Definition 2.1, let also
(1.9) hold. Assume also that: (i) the vector index ~λ has at least two components λi = (ζ i, li)
and λj =
(
ζj, lj
)
with li 6= lj; (ii) both wλi and wλj are particle wavepackets in the sense of
Definition 2.2; (iii) either (2.51) or (2.54) holds. Then for small β and ̺∥∥∥∥F (m)nl,ϑ,~ξ(~λ) (w˜~λ)
∥∥∥∥
EN
≤ C
̺
β1+ǫ
|ln β| . (7.8)
Proof. Since k∗l are not band-crossing points, according to Definition 3.1 and Condition
3.2 the inequalities (3.2) and (3.13) hold. According to the assumption of the theorem at
least two wˆlj are different for different j. Let us assume that lj1 = l1, lj2 = lm , l1 6= lm (the
general case can be easily reduced to this one by a relabeling of variables). Since wˆl1and wˆlm
are particle wavepackets, they satisfy (2.33) with r replaced by rl1 and rlm respectively.
Let us rewrite the integral with respect to τ 1 in (4.22) as
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
(k, τ ) = (7.9)∫ τ
0
∫
Dm
exp
{
iφζ,~ζ
(
k, ~k
) τ 1
̺
}
A
(m)
ζ,~ζ
(
k, ~k
)
d˜(m−1)d~kdτ 1
where
A
(m)
ζ,~ζ
(
k, ~k
)
= χ
(m)
ζ,~ζ
(
k, ~k
)
wl1 (k
′) . . .wlm
(
k(m)
)
, (7.10)
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and then rewrite (7.9) in the form
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
(k, τ) = F
(m)
ζ,~ζ
(wl1 . . .wlm) (k, τ) = (7.11)∫ τ
0
∫
Dm
expφ
(
k, ~k, τ 1, ̺, rl1, rlm
)
A
(
k, ~k, rl1, rlm
)
d˜(m−1)d~kdτ 1.
where
expφ
(
k, ~k, τ 1, ̺, rl1 , rlm
)
= exp
{
iφζ,~ζ
(
k, ~k
) τ 1
̺
− irl1k
′ − irlmk
(m)
}
, (7.12)
A
(
k, ~k, rl1, rlm
)
= eirl1k
′
eirlmk
(m)
A
(m)
ζ,~ζ
(
k, ~k
)
.
According to (3.10) k(m)
(
k, ~k
)
= k − k′ − . . . − k(m−1). Hence, picking a vector p with a
unit length we obtain the formula
expφ
(
k, ~k, τ 1, ̺, rl1 , rlm
)
=
̺p · ∇k′ expφ
(
k, ~k, τ 1, ̺, rl1, rlm
)
i
[
p · ∇k′φζ,~ζ
(
k, ~k
)
τ 1 − ̺p · (rl1 − rlm)
] . (7.13)
If we set
φ′ = ∇k′φζ,~ζ
(
k∗l, ~k∗
)
= ∇k′ω (ζ
′k′∗)−∇k(m)ω
(
ζ(m)k(m)∗
)
, (7.14)
cp = p · φ
′, qp = ̺p · (rl1 − rlm) ,
θ0
(
k, ~k, ̺, τ 1
)
=
(cpτ 1 − qp)[
p · ∇k′φζ,~ζ
(
k, ~k
)
τ 1 − p · (rl1 − rlm)
] , (7.15)
then (7.13) can be recast as
expφ
(
k, ~k, τ 1, ̺, rl1, rlm
)
=
̺p · ∇k′ expφ
(
k, ~k, τ 1, ̺, rl1 , rlm
)
i (cpτ 1 − qp)
θ0
(
k, ~k, ̺, τ 1
)
. (7.16)
If (2.51) holds the vector φ′ 6= 0 and to get |cp| 6= 0 we can take
p = |φ′|
−1
· φ′, |cp| = p0 > 0. (7.17)
If (2.54) holds we have φ′ = 0 and we set
p = |(rl1 − rlm)|
−1 · (rl1 − rlm) . (7.18)
Let consider first the case when (2.51) holds. Notice that the denominator in (7.16) vanishes
for
τ 10 =
qp
cp
. (7.19)
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We split the integral with respect to τ 1 in (7.11) into a sum of two integrals, namely
F
(m)
ζ,~ζ
(wl1 . . .wlm) (k, τ ) = F1 + F2,
F1 =
∫
|τ10−τ1|≥c0β
1−ǫ|lnβ|
∫
Dm
expφ
(
k, ~k, τ 1, ̺, rl1, rlm
)
A
(
k, ~k, rl1 , rlm
)
d˜(m−1)d~kdτ 1, (7.20)
F2 =
∫
|τ10−τ1|<c0β
1−ǫ|lnβ|
∫
Dm
expφ
(
k, ~k, τ 1, ̺, rl1, rlm
)
A
(
k, ~k, rl1, rlm
)
d˜(m−1)d~kdτ 1,
where c0 is a large enough constant which we estimate below in (7.28). Since wj are bounded
in E and (2.48) holds, we obtain similarly to (4.10) the estimate
‖F2‖L1 ≤ Cc0β
1−ǫ |ln β|
m∏
j=1
∥∥wlj∥∥E ≤ C1 (R) ̺ |ln β|β1+ǫ . (7.21)
To estimate the norm of F1 we use (7.13) and integrate by parts the integral in (7.20)
with respect to k′. We obtain
F1 =
∫
|τ10−τ1|≥β
1−ǫ|lnβ|
I (k, τ 1) dτ 1, (7.22)
I (k, τ 1) = −
∫
Dm
̺ expφ
(
k, ~k, τ 1, ̺, rl1, rlm
)
i (cpτ 1 − ̺qp)
p · ∇k′
[
θ0A
(
k, ~k, rl1 , rlm
)]
d˜(m−1)d~k.
According to (7.10) and (3.10) the expansion of the gradient ∇k′ in the above formula
involves derivatives of χ, θ0, e
irl1k
′
wl1 and e
irlmk
(m)
wlm . To estimate θ0 and ∇θ0 we note that
θ0
(
k, ~k, ̺, τ 1
)
=
(p · φ′τ 1 − qp)
(p · φ′τ 1 − qp) + τ 1p ·
[
∇k′φζ,~ζ
(
k, ~k
)
− φ′
] (7.23)
=
1
1 + τ 1p ·
[
∇k′φζ,~ζ
(
k, ~k
)
− φ′
]
/ (cpτ 1 − qp)
Since |τ 10 − τ 1| ≥ c0β
1−ǫ |ln β|, from (7.19) we infer
|cpτ 1 − qp| ≥ cpc0β
1−ǫ |ln β| . (7.24)
From (6.32), we see that in the integral (7.22) integrands are nonzero only if∣∣∣k(j) − ζ(j)k(j)∗ ∣∣∣ ≤ π0β1−ǫ, |k− ζk∗| ≤ mπ0β1−ǫ, (7.25)
where π0 ≤ 1. Using the Taylor remainder estimate for∇k′φζ,~ζ at
~k∗ we obtain the inequality∣∣∣∇k′φζ,~ζ (k, ~k)− φ′∣∣∣ ≤ 2mCω,2β1−ǫ. (7.26)
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Hence in (7.23)∣∣∣τ 1p · [∇k′φζ,~ζ (k, ~k)− φ′] / (cpτ 1 − qp)∣∣∣ ≤ 2mτ ∗Cω,2/ (cpc0 |ln β|) . (7.27)
Suppose that β ≤ 1/2 is small and c0 satisfies
mτ ∗Cω,2
|ln β|
≤
mτ ∗Cω,2
ln 2
≤
1
4
|cp| c0. (7.28)
Then it follows from (7.23) with help of (7.28), (3.2), (7.24) and (7.27) that∣∣∣θ0 (k, ~k, ̺, τ 1)∣∣∣ ≤ 2. (7.29)
Obviously,
∇k′θ0
(
k, ~k, ̺, τ 1
)
=
−τ 1∇k′
[
p·
(
∇k′φζ,~ζ
(
k, ~k
)
− φ′
)]
(cpτ 1 − qp)
[
1 + τ 1p·
[
∇k′φζ,~ζ
(
k, ~k
)
− φ′
]
/ (cpτ 1 − qp)
]2 (7.30)
Using (7.27), (7.28) and (3.2) we obtain that
∣∣∣∇k′θ0 (k, ~k, ̺, τ 1)∣∣∣ ≤ 4τ ∗
|cpτ 1 − qp|
∣∣∣∇k′ [p · (∇k′φζ,~ζ (k, ~k)− φ′)]∣∣∣ ≤ 4τ ∗Cω,2|cpτ 1 − qp| . (7.31)
To estimate ∇k′χ we use (3.13). We conclude that the absolute value of the integral (7.22)
is not greater than
|I (k, τ 1)| ≤
4̺τ ∗Cω,2
|τ 1cp − qp|
2
∫
Dm
∣∣∣A(k, ~k, rl1, rlm)∣∣∣ d˜(m−1)d~k+ (7.32)
2̺τ ∗
|τ 1cp − qp|
∫
Dm
[∣∣∣∇k′A(k, ~k, rl1 , rlm)∣∣∣] d˜(m−1)d~k (7.33)
≤
[
4Cω,2̺τ ∗
|τ 1cp − qp|
2
∥∥χ(m) (k, ·)∥∥+ 2̺τ ∗
|τ 1cp − qp|
∥∥(∇k′ −∇k(m))χ(m) (k, ·)∥∥
]
m∏
j=1
‖wj‖L1 +
2̺τ ∗
∥∥χ(m) (k, ·)∥∥
|τ 1cp − qp|
[
m∏
j=2
∥∥wlj∥∥L1
∥∥∥∇k′eirl1k′wl1∥∥∥
L1
+
m−1∏
j=1
‖wj‖L1
∥∥∥∇k(m)eirlmk(m)wm∥∥∥
L1
]
.
Note that ‖wj‖L1 are bounded according to (2.27) and ∇k(m)e
irlmk
(m)
wlm , ∇k′e
irl1k
′
wl1 by
(2.33). Hence we obtain
|I (k, τ 1)| ≤
C2̺β
−1−ǫ
τ 1cp − qp
+
̺C2
|τ 1cp − qp|
2 . (7.34)
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Obviously,
∫
|τ1−qp/cp|≥c0β
1−ǫ|lnβ|
|τ 1cp − qp|
−1 dτ 1 =
1
cp
∫ τ∗−qp/cp
c0β
1−ǫ|lnβ|
dτ 1
τ 1
=
1
cp
ln
τ ∗ − qp/cp
c0β
1−ǫ |ln β|
≤
1
cp
(
C +
∣∣ln [β1−ǫ |ln β|]∣∣) ≤ 1
cp
[C + |ln β|+ |ln |ln β||] ≤
1
cp
[C + 2 |ln β|] .
Similarly, using (2.48) we get
∫
|τ1−qp/cp|≥c0β
1−ǫ|lnβ|
|τ 1cp − qp|
−2 dτ 1 =
1
cp
∫ τ∗−qp/cp
c0β
1−ǫ|lnβ|
dτ 1
τ 21
=
1
cp
[
1
c0β
1−ǫ |ln β|
−
1
τ ∗ − qp/cp
]
≤
1
cpc0β
1−ǫ |ln β|
≤
C3̺
β−1−ǫ |ln β|
Hence, we obtain for small β∥∥∥F (m)
ζ,~ζ
(w1 . . .wm) (k, τ)
∥∥∥
E
≤ C4
̺
β1+ǫ
|ln β| . (7.35)
Now let us consider the case when (2.54) holds, φ′ = 0 and p is defined by (7.18). Turning
to expression (7.23) we notice that
cpτ 1 − qp = −̺ |rl1 − rlm| , τ ∗ |cpτ 1 − qp|
−1 ≤
1
β1+ǫ
,
and, according to (7.26), ∣∣∣∇k′φζ,~ζ (k, ~k)− φ′∣∣∣ ≤ Cω,2β1−ǫ.
Then we estimate the denominator in (7.23) and (7.30) using (2.54):
∣∣∣τ 1p · [∇k′φζ,~ζ (k, ~k)− φ′] / (cpτ 1 − qp)∣∣∣ ≤ τ ∗Cω,2β1−ǫ/ (̺ |rl1 − rlm|) ≤ 12 .
If β is so small that (7.28) holds we again get (7.29) and (7.31). Hence, we obtain (7.35)
in this case as well (in fact, in this case the logarithmic factor can be omitted). Finally, we
obtain (7.36) from (7.35) after summing up over all ~λ,~ζ.
Lemma 7.2 Let the nk-spectrum S be universally resonance invariant. Let the operators
Fav,nl,ϑ (w˜), Fav,nl,ϑ,diag (v˜) and Fav,nl,ϑ,coup be defined respectively by (6.5), (4.7) and (7.4).
Let v˜, ‖v˜‖EN ≤ 2R, be a multi-wavepacket solution of (6.9) with the nk-spectrum S. Then
for small β and ̺
‖Fav,nl,ϑ,coup (v˜)‖EN ≤ C
̺
β1+ǫ
|ln β| . (7.36)
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Proof. According to (6.5), (7.1) and (7.4) Fav,nl,ϑ,coup involves only terms with
~λ ∈
Λm,nl,ϑ \ Λ
m,diag
nl,ϑ
and it is sufficient to prove the estimate (7.8) for indices ~λ ∈ Λm,nl,ϑ \ Λ
m,diag
nl,ϑ
.
Such indices involve at least two components λi = (ζ i, li) and λj =
(
ζj, lj
)
with li 6= lj since
the nk-spectrum is universally invariant, see (3.26). According to Theorem 6.13 the solution
v˜ is a particle-like wavepacket, therefore all components of v˜~λ are particle-like; (6.32) holds
according to (5.11). Hence, all conditions of Lemma 7.1 are fulfilled and (7.36) follows from
(7.8).
Note now that every equation (7.7) is an approximation of the equation (4.6) with single-
wavepacket initial data hˆl, namely
uˆl (k, τ) = F (uˆl) (k, τ ) + hˆl (k) . (7.37)
One can apply to this equation Theorems 5.6 and 6.4 formally restricted to the case N = 1
of a single wavepacket. Based on this observation and on the above Lemma we prove the
following theorem which implies previously formulated Theorems 2.14 and 2.15.
Theorem 7.3 Assume that the multiwavepacket h˜ =
∑
hˆl is particle-like and its nk-spectrum
is universally resonance invariant. Assume also that either (2.51) or (2.54) holds. Let uˆ be
solution of equation (4.6). Let uˆl be solutions of (7.37). Then the superposition principle
holds, namely ∥∥∥∥∥uˆ−
N∑
l=1
uˆl
∥∥∥∥∥ ≤ C ̺β1+ǫ |lnβ|+ Cβs. (7.38)
Proof. Let vdiag,l be a solution of the decoupled system (7.7). We compare systems
(7.5) and (7.6). The difference between the systems is the term Fav,nl,ϑ,coup (v˜) . According
to Theorem 6.12 the solution v˜ is a particle-like wavepacket and we can apply Lemma 7.2.
According to this Lemma (7.36) holds. Applying Lemma 4.6 to the equations (7.5) and (7.6)
and using (7.36) we conclude that the difference of their solutions satisfies the inequality
‖vl − vdiag,l‖E ≤ C
′ ̺
β1+ǫ
|ln β|+ C ′βs. (7.39)
According to Theorem 6.13 inequality (6.55) holds where v˜ is a solution of (6.9) which can
be rewritten in the form of (7.5). From (6.55) and (7.39) we infer∥∥∥∥∥uˆ−
N∑
l=1
vdiag,l
∥∥∥∥∥ ≤ C1 ̺β1+ǫ |ln β|+ C1βs. (7.40)
Note that equation (7.7) for vdiag,l coincides with the averaged equation (6.9) obtained
for the wave interaction system derived for (7.37). Therefore, applying Theorems 5.6 and 6.4
to the case N = 1 and hˆ = hˆl we deduce from (5.49) and (6.11) the estimate
‖uˆl − vdiag,l‖E ≤ C2̺+ C
′
2β
s. (7.41)
Finally, from (7.40) and (7.41) we infer (7.38).
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7.1 Generalizations
In this section we show that the particle-like wavepacket invariance can be extended to the
case when nk-spectra S are not universally resonance invariant. So suppose that nk-spectrum
S is resonance invariant and consider nonlinearities of the form similar to (6.5)
Fres,nl,ϑ (w˜) =
∑
m∈MF
F
(m)
nl,ϑ
, F
(m)
nl,ϑ
=
∑
~λ∈Λ′
nl,ϑ
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
, (7.42)
where Λ′nl,ϑ ⊆ Λ
m
nl,ϑ
is a given subset of Λm. Obviously, Fav defined by (6.5) has the form of
(7.42) with Λ′nl,ϑ = Λ
m
nl,ϑ
. Let us introduce a multi-wavepacket
w˜ = (wn1,+,wn1,−, . . . ,wnN ,+,wnN ,−) (7.43)
with the nk-spectrum S = {(nl, θ) , l = 1, . . . , N ; θ = ±}.
We call a subset S ′ ⊂ S sign-invariant if with it has (nl, θ) as an element then (nl,−θ) is
also its element. Suppose that S ′ ⊂ S is sign-invariant. It is easy to see that if a set S ′ ⊂ S is
sign-invariant then it is uniquely defined by a subset of indices I ′ = I ′ (S ′) ⊂ I = {1, . . . , N},
namely
S ′ = {(nl, θ) : l ∈ I
′ (S ′) , θ = ±} .
Definition 7.4 We call index pair (nl,k∗l) Group Velocity Matched (GVM) with Fres,nl,ϑ
if every nonzero term F
(m)
nl,ϑ,~ξ(~λ)
in the sum (7.42) has the index ~λ such that for at least one
component λj =
(
ζ(j), lj
)
of this index
∇ωnl (k∗l) = ∇ωnlj
(
k∗lj
)
. (7.44)
We call S ′ a GVM set with respect to the nonlinearity Fres defined by (7.42) if S
′ ⊂ S is
sign-invariant and every (nl,k∗l) ∈ S
′ is GVM.
Obviously, if S is universally resonance invariant and Λ′nl,ϑ = Λ
m
nl,ϑ
as in (6.5) then S is
a GVM set, and in this case lj = I0 as in Definition 3.6. If S
′ ⊂ S is sign-invariant we call
a multi-wavepacket w˜ as in (7.43) with the nk-spectrum S = {(nl, θ) , l = 1, . . . , N ; θ = ±}
partially S ′-localized multi-wavepacket if for every (nl, θ) ∈ S
′ the wavepacket wn1,θ is a
spatially localized with a position r∗l. Note that according to Definition 2.7 if S
′ = S is a
partially S ′-localized multi-wavepacket then it is a multi-particle wavepacket.
Theorem 2.10 on the particle-like wavepacket preservation can be generalized as follows.
Theorem 7.5 (preservation of spatially localized wavepackets) Assume that conditions
of Theorem 2.9 hold, in particular the initial datum hˆ = hˆ (β,k) is a multi-wavepacket
with nk-spectrum S. Assume also that S ′ ⊂ S is a GVM set, hˆ = hˆ (β,k) is partially S ′-
localized wavepacket with positions r∗l, l ∈ I
′ (S ′), and that (2.47) holds. Then the solution
uˆ (τ , β) = G
(
F (ρ (β)) , hˆ (β)
)
(τ) to (2.14) for any τ ∈ [0, τ ∗] is a multi-wavepacket with
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nk-spectrum S, and it is an S ′-localized wavepacket with positions r∗l, l ∈ I
′ (S ′). Namely,
(2.46) holds where uˆl is wavepacket with nk-pair (nl,k∗l) ∈ S
′ defined by (2.45), the constants
C,C1, C2 do not depend on r∗l. and every uˆl, l ∈ I
′ (S ′), is equivalent in the sense of the
equivalence (2.42) of degree s1 = min (s, s0) to a spatially localized wavepacket with position
r∗l.
Proof. The proof of the Theorem is the same as the proof of Theorem 2.10 since it used
only the fact that a universally resonance invariant set is a GVM one, that allows to apply
Lemma 6.9. One also have to use the space (E1)
2N
(r˜∗, S
′) with the norm defined by the
formula similar to (6.46):
‖w˜‖(E1)2N (r˜∗,S′) =
∑
l,ϑ
‖wˆl,ϑ‖E + β
1+ǫ
∑
ϑ=±
∑
l∈I′(S′)
∥∥∇k (e−ir∗lkwˆl,ϑ)∥∥E . (7.45)
After replacing (E1)
2N
(r˜∗) with (E
1)
2N
(˜r∗, S
′) we can literally repeat all the steps of the
proof of Theorem 2.10 and obtain the statement of Theorem 7.5
Below we prove that the superposition principle can hold not only for universal resonance
invariant multiwavepackets, but for other cases allowing resonant processes such as second and
third harmonic generations, three-wave interaction etc. Here we prove a theorem applicable
to such situations, which is more general than Theorem 2.14.
Let us consider a multi-wavepacket with resonance invariant nk-spectrum
S = {(nl,k∗l) , l = 1, . . . , N}
as in (3.14), and assume that is a union of spectra Sp:
S = S1 ∪ . . . ∪ SK , Sp ∩ Sq = ∅ if p 6= q. (7.46)
Recall that resonance interactions are defined in terms of vectors ~λ ∈ Λm (see (3.16), (3.17)).
We call a vector ~λ =
(
(ζ ′, l1) , . . . ,
(
ζ(m), lm
))
∈ Λm cross-interacting (CI) if there exist
at least two indices
(
ζ(i), li
)
and
(
ζ(j), lj
)
such that
(
ζ(i), li
)
∈ Spi,
(
ζ(j), lj
)
∈ Spj with
pi 6= pj .
Definition 7.6 (partially GVM decomposition) We call decomposition (7.46) partially
GVM with respect to Fres defined by (7.42) if the following two conditions are satisfied: (i)
every spectrum Sj, j = 1, . . . , K, is resonance invariant; (ii) a solution
(
m, ζ, n, ~λ
)
∈ P (S)
of the resonance equation (3.24) with CI vector ~λ =
(
(ζ ′, l1) , . . . ,
(
ζ(m), lm
))
has at least two
indices
(
ζ(i), li
)
∈ Spi and
(
ζ(j), lj
)
∈ Spj with pi 6= pj such that both li and lj are GVM with
respect to Fres and ∣∣∣∇kωnli (k∗li)−∇kωnlj (k∗lj)
∣∣∣ 6= 0. (7.47)
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Now we use Lemma 7.1 for small coupling. Being given a partially GVM decomposition
(7.46) we introduce the set of coupling terms between Spi and Spjas follows:
Λm,coupnl,ϑ =
{
~λ =
(
~l,~ζ
)
∈ Λm,nl,ϑ : ∃ i 6= j such that li ∈ Spi, lj ∈ Spj
}
, (7.48)
We also introduce a set of interactions reducible to every Sp (block-diagonal) which is similar
to (7.2):
Λm,rednl,ϑ = Λ
m
nl,ϑ
\ Λm,coupnl,ϑ , (7.49)
and the reduced operator
Fav,nl,ϑ,red (w˜) =
∑
m∈MF
F
(m)
nl,ϑ,red
(w˜) , F
(m)
nl,ϑ,red
(w˜) =
∑
~λ∈Λm,red
nl,ϑ
F
(m)
nl,ϑ,~ξ(~λ)
(
w˜~λ
)
, (7.50)
where Λm,rednl,ϑ is defined by (7.49). Note that if the set S is universal resonance invariant
and every Spi is a two-point set {(+, li) , (+, li)} then Λ
m,red
nl,ϑ
= Λm,diagnl,ϑ . We introduce also a
partially decoupled, reduced system similar to (7.6)
v˜red = Fav,Ψ,red (v˜red) + h˜Ψ , (7.51)
which can be rewritten in the decoupled form, similar to (7.7):
vred,p = F
(m)
av,Ψ,red,p (vred,p) + hred,Ψ,p, p = 1, . . .K. (7.52)
Now vred,p may include more than one wavepacket, namely
vred,p =
∑
(nl,θ)∈Sp
(v˜red)nl,θ , hred,Ψ,p =
∑
(nl,θ)∈Sp
(
h˜
Ψ
)
nl,θ
, p = 1, . . .K. (7.53)
The following theorem is a generalization of the Theorem 2.14 on the superposition.
Theorem 7.7 (general superposition principle ) Suppose that the initial data hˆ of (2.14)
is a multi-wavepacket of the form
hˆ =
K∑
p=1
hˆred,p, (7.54)
where hˆ is a multi-wavepacket in the sense of Definition 3.8 with resonance invariant nk-
spectrum S, hˆred,p is a multi-wavepacket with a resonance invariant nk-spectrum Sp and
the decomposition (7.46) is partially GVM in the sense of Definition 7.6 with respect to
the nonlinearity Fav defined by (6.5). Suppose also that (2.48) holds. Then the solution uˆ
= G
(
hˆ
)
to the evolution equation (2.14) satisfies the approximate superposition principle:
G
(
K∑
p=1
hˆred,p
)
=
K∑
p=1
G
(
hˆred,p
)
+ D˜, (7.55)
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with a small remainder D˜ (τ) satisfying the following estimate
sup
0≤τ≤τ∗
∥∥∥D˜ (τ )∥∥∥
L1
≤ Cǫ
̺
β1+ǫ
|ln β| , (7.56)
where ǫ is the same as in Definition 2.1 and can be arbitrary small, τ ∗ does not depend on
β, ̺ and ǫ.
Proof. The proof of Theorem 7.7 is similar the proof of Theorem 7.3. Averaged system
(6.9) can be written similarly to (7.5) in the form
v˜ = Fav,Ψ,red (v˜) + Fav,Ψ,coup (v˜) + h˜Ψ . (7.57)
Comparing now systems (7.57) and (7.51) we find that the difference between them is the term
Fav,nl,ϑ,coup (v˜) . According to Theorem 7.5 the solution v˜ is a spatially localized wavepacket
and, hence, we can apply Lemma 7.2 getting the inequality (7.36). Applying Lemma 4.6 to
the equations (7.57) and (7.51) and using (7.36) we conclude that the difference of their
solutions satisfies the inequality
‖vp − vred,p‖E ≤ C
′ ̺
β1+ǫ
|ln β|+ C ′βs, p = 1, ..., K (7.58)
According to Theorem 6.13 inequality (6.55) holds where v˜ is a solution of (7.57) and we
infer from (7.58) ∥∥∥∥∥uˆ−
K∑
p=1
vred,p
∥∥∥∥∥ ≤ C1 ̺β1+ǫ |ln β|+ C1βs. (7.59)
Similarly to (7.37) we introduce equation for uˆred,p = G
(
hˆred,p
)
uˆred,p (k, τ ) = F (uˆred,p) (k, τ) + hˆred,p (k) . (7.60)
Applying Theorems 5.6 and 6.4 we infer similarly to (7.41) the inequality
‖uˆred,p − vred,p‖E ≤ C2̺+ C
′
2β
s. (7.61)
Finally, from (7.59) and (7.61) we infer (7.56).
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